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Abstract 

This paper is devoted to provide an equivalence between a class of differential equa- 
tions and a class of cr-modules called Taylor admissible. We obtain this result under 
the assumption that the automorphism a satisfies some conditions called infinitesimal- 
ity and non degeneracy. We perform our computations in the framework of Berkovich 
spaces. We give then three applications. The first one about the action of the group 
Tk '■= Gal{Kao/K) appearing in the Fontaine's theory of ((^9, rx)-modules, and to the 
functor of L.Berger. The second application concerns the theory of the so called 
finite differences equations: we generalize the results of [ADV04] and [Pul07] to the auto- 
morphisms of the form /(T) i— > f{qT + /i). As a third application we use the functional 
equation of the Morita's p-adic Gamma function to prove that it is solution of a differ- 
ential equation. We relate then the radius of convergence of this particular equation to 
the absolute value of the values at positive integers of some Kubota-Leopoldt's p-adic 
L-functions. We find finally a family of new congruences between these values which are 
close to that of [Was98] and [Bar83]. 
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Introduction 

In [ADV04] one proves the existence of a q- confluence functor which an equivalence of categories 
associating to a g-difference equation a differential equation (cf. also [Pul07]). We recall that a 
g-difference equation is a finite free module together with a semi-linear action of the automor- 
phism cTy : /(T) f{qT). In this paper we show the analogous theorem for a more general class 

2 



Infinitesimal deformation of ultrametric differential equations 



of automorphisms called infinitesimal. Roughly speaking an automorphism is infinitesimal if it is 
^''sufficiently close to the identity" . More precisely if S is a family of infinitesimal automorphisms 
of the base space, we say that a differential equation is Y,- compatible if, for all point y of the base 
space, the disk of convergence of its Taylor solution at y is globally stable under the action of S. 
(Notice that every differential equation is S-compatible with respect to some infinitesimal family 
S.) For S-admissible equations we prove the existence of a canonical semi-linear action of S on 
the differential module, which becomes then a S-module. The canonical action of S is obtained by 
"pull-back" of the stratification attached to the differential equation (cf. Section 5.3.3). Roughly 
speaking this action is determined by the fact that the Taylor solutions of the differential equation 
are at the same time solution of the underling E-module. Morphisms of differential equations com- 
mutes also with the action of S. The Y,- deformation functor Defs associates then to a S-admissible 
differential equation its canonical underling S-module and is the identity on the morphisms (cf. 
Section 5.3.3). If moreover the family S satisfies certain non degeneracy conditions (satisfied by 
the most part of families), then the S-deformation functor is fully faithful (cf. Section 5.4). In this 
case the data of the differential equation is completely equivalent to the data of the corresponding 
S-module. We then call the objects in the essential image of the S-deformation functor Taylor 
admissible Ti-modules, and a quasi inverse of S-deformation functor is called Ti-Confluence functor 
Confs. We perform this description for sub-affinoids of in the framework of Berkovich spaces, 
and examine many other situations. Basic results are made by the understanding of the behavior of 
the Generic radius of convergence of the equations in the Berkovich space of the affinoid along the 
lines of [BV07] (cf. Section 2.7). In a second moment we focus on the Taylor admissible S-modules 
over the Robba ring. We prove the analogous of the Katz-Matsuda canonical extension functor (cf. 
Section 6.5), and the quasi unipotence of Taylor admissible S-modules (cf. Section 6.6). We obtain 
these results by deformation of the same results for differential equations. The main point here is 
to compare the Taylor solutions and etale solutions (i.e. solutions lying in an etale extension of the 
Robba ring). 

In the second part we apply then this theory to three cases: to the theory of (</5, ri<-)-modules 
(cf. Section 7), to the theory of finite difference equations (cf. Section 8), and finally we give an 
application to the Morita's p-adic Gamma function and to values of Kubota-Leopoldt's p-adic L- 
functions (cf. Section 9). As we will see the language introduced in the present paper permits to 
interpret (a part of) the theory of L.Berger and the theory of g-difference equations introduced 
by Y.Andre and L.Di Vizio. In the theory of confluence of g-difference equations, one obtains a 
differential equation from the action of the g-difference operator cjq. On the other hand L.Berger is 
able to obtain a differential equation from the ((/?, T^^ )-module attached to a de Rham representation. 
From this point of view the theory of L.Berger can be seen as a sort of confluence theory of ((/?, Tk)- 
modules over the Robba ring (cf. Theorem 0.1). 

Application to the theory of Fontaine's ((^, rx)-modules 

Let K he a. finite extension of Qp and Kn := K{fj,pn), where fipu is the group of p^-th roots of unity. 
In this context a subgroup of F^ of finite index acts infinitesimally on the Robba ring, and we can 
apply the above theory with S := Tk- Let us firstly recall that L.Berger was able in [Bcr02] to prove 
that there is a faithful functor associating to a de Rham representation of '■= Gal{K^^^ / K) a 
p-adic differential equation over the Robba ring. This functor have been very fruitful. It is possible to 
translate certain problems concerning the starting representation V in terms of the p-adic differential 
equation NdR(V). Namely, thanks to the fundamental work of L.Berger (cf. [Bcr02]), one knows 
that V is potentially semi-stable if and only if NdR(V) is quasi unipotent. Moreover NdR(V) is 
unipotent (resp. trivial) if and only if the restriction of V to '■— Gal{K^^^ / Kn) is semi-stable 
(resp. cristalline). These facts leaded L.Berger to prove that V satisfies the Fontaine conjecture 
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"de Rham = potentially semi- stable'^ if and only if N(iR(V) satisfies the Crew's conjecture ^^every 
p-adic differential equation admitting a Frobenius Structure is quasi unipotent" , which have been 
proved by Y.Andre, Z.Mebkhout, and K.Kedlaya (cf. [And02],[Mcb02],[Kcd04]). Another interesting 
result in this context is due to A.Marmora (cf. [Mar04]) who proved that the p-adic irregularity 
of the differential equation N^ijfV) is equal to the Swan conductor of the restriction Vi , for 
n sufficiently large. In fact the sequence of Swan conductors swan(V|^^ ) become constant, for n 
sufficiently large. It is today a belief that one can expect to read into the differential equation Nrf/j(V) 
every problem of V whose nature is ^^potentiaF . In particular one expects that every differential 
invariant of Nt;i?(V) corresponds to a Galois invariant of Vi , for n sufficiently large. 

In this part of the paper we prove that the above correspondence of invariants reflects actu- 
ally the existence of a genuine equivalence of categories. For this let us firstly recall some results 
recently proved by L.Berger. In [Ber07] Berger is able to prove that the Colmez-Cherbonier's equiv- 
alence between p-adic representations and ((/J, rx)-niodules sends the sub-category of de Rham 
representations into a certain subcategory that he is able to characterize, whose definition is too 
technical to be exposed here. He obtains then an equivalence between de Rham representations of 

'■= Gal{K'^^^/K) and a certain category of ((/?, rii')-modules over the Robba ring, here denoted 
by {ip,rK)-Mod{TlF'f^'^'^ (cf. [Bcr07], and Section 7.1). Ber ger is then able to factorize the functor 
^dR through this category (we refer to Section 7.1 for more details about the notations): 

NdR : Rep^^(^A') (^,^/^)-Mod(7^^,)'^*'LT {^,V)-Mod{nF'f' d-Mod(7e^/)('^) 

where (tp, V) — Mod(7^i;")^* is the category of {tp, V)-modules which are etales in the sense of [Ber07, 
Def. IV. 1.2],^ and d — ModiTZp')^'^'^ is the category of differential equations admitting an unspecified 
action of f (cf. Section 6.3.2). 

Motivated by the above correspondence between Galois and differential invariants we are induced 
to consider the categories 

GeimRepaRi^K) ■= hm Rep ^rC^k J , 

n 

Germ {ip, Tk) - Mod{TZF'f^'^^ ■= hm {^,Tk„) - Mod(7^F')^*'^'^ ■ 

n 

Here the inductive limits are considered with respect the natural restrictions from Kn to Knj^i. We 
have again the functors 

Germ Reprf^(^i^) ^ Geii^{<p,T K)-y^od{TZF>f^'^^ (v?, V)-Mod(7^F0^* d-Mod(7^f /)(^\ 

Now, by the above theory of deformation, we are able to prove the existence of an equivalence 
Defr^ : ((/J,V) -Mod(7^F/)'^* Germ(^, Ti^) - Mod(7^F')'^*'^'^"' 

where the last category is the full subcategory of Germ((/3, T/^) — Mod(7^ir')'^* formed by admissible 
objects (see Section 7.4 for more details). 

Theorem 0.1 (cf. Theorems 7.13 and 7.14). We have the inclusion 

Germ{if,TK) -ModiTZF'f''^^ C Germ(^, Tj^) - Mod(7^i^/)'^''■^^'" (0.1) 

and the functor Cr^^ is a quasi inverse of Defr^^ (and hence coincides with the Tx-confiuence 
functor Confr^f j. In particular Germ Kepdni^K) is quasi isomorphic to a fuUy faithful subcategory 
of (^,V) -Mod(7^F/)'^^ 

^Here the upper index LT means that the Lie algebra of Fk acts locally trivially in the sense of [Ber07, Def. III. 1.2]. 
The notations of the above categories differs from [Ber07], and are "non standard". 
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It is unknown whether the inclusion (0.1) is an equahty. If it is not the case, then the above 
theorem induces to suspect the existence of an extension of the functor N^fi to a larger category. 

Finite difference equations 

Let K he a, general complete valued ultrametric field of characteristic 0. In Section 8 we apply the 
deformation theory to the so called finite difference equations i.e. the automorphism a is of the 
type aq^h{f{T)) := f{qT + h), q £ , h £ K. We generalize the previous papers on this subject 
[ADV04], [DV04], [And04], [Pul07]. In particular this section generalize the results of [Pul07] in three 
aspects: firstly we generalize the theory of g-difference equations to the case of automorphisms of 
the type CTg^h] secondly we generalize the theory from the ;j-adic case to the general ultrametric 
case; finally we simplify and generalize many technical assumptions. In this context we have a 
richer situation because we dispose of a so called twisted Taylor formula for a"g^/i-difference modules 
(cf. formula (8.11)). This permits to express explicitly the infinitesimality and the non degeneracy 
of aq^h in terms of q and h. It permits also to give a criterion for the Taylor admissibility of S- 
modules which is given in terms of the powers of the {q, /i)-twisted derivation ^q^h ■= (^ql'i^T+h ' "^^^ 
existence of such a twisted Taylor formula seems to be a peculiarity of the automorphism In 
fact for a general automorphism a the existence of such a twisted Taylor formula is very improbable 
because the twisted u-derivation Ao- := ^^^y^y presents denominators and hence singularities. One 
of the results we obtain is that the category of solvable differential equations over the Robba ring is 
equivalent to that of Taylor admissible semilinear representations of /ipoo , where a p^lh. root of unity 
^ acts on the Robba ring by /(T) i— > f{£,T) (cf. Corollary 8.8). Composing this result with that of 
[And02], we find that the category of linear representations of the Inertia ^T^aig^)) with coefficients 
in K^^^, is equivalent to that of finite free modules over the Robba ring TZj^aig together with an 
unspecified Frobenius and a Taylor admissible semi-linear action action of /Xpoo . 

Morita's p-adic Gamma function and values at positive integers of Kubota-Leopoldt's 
p-adic L-functions 

In Section 9 we apply the above theory of finite difference equations to the case of the particular 
difference equation satisfied by the Morita's p-adic Gamma function. We interpret the functional 
equation of Tp(T) as a finite difference equation, and from this fact we are able to deduce, by the 
above theory, that the Gamma function is solution of a rank one differential equation Tp{Ty = 
go{T)Tp(T) where go is an analytic function on the open unit disk D~(0, 1) (here denotes the 
Taylor expansion of the Gamma function at T = 0). We compute then completely the Radius of 
convergence of this differential equation which closely related to the Newton polygon of goiT). We 
perform our constructions by expressing the differential equation as "limit" of the family of finite 
difference equations 

{Fp(x + p") = ^(l,p";r).Fp(r)},^i, (0.2) 

and computing step by step the Radius of the p"th equation. In our knowledge, this seems to be the 
first time in which it results necessary to consider a confluent family of difference equations in order 
to study a differential equation. In this sense, this seems to be the first case in which the theory of 
p-adic confluence of difference equation allow to prove new results for differential equations. 

Values at positive integers of p-adic L functions. During the accomplishment of this work we 
benefited of discussions with D.Barsky who suggested us to apply the above computations about 
the p-adic Gamma function to the formula 

log(FO(r)) = \oT+Yl 2m + l ^ ' \T\^\P\, (0-3) 

■m>l 
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where Lp{l+2m, uj^"^) is the value at l + 2m of the Kubota-Leopoldt's p-adic L-function correspond- 
ing to the Dirichlet character Wp™', where LOp is the Teichmiiller character. Indeed by considering 
the derivative of this expression we find 

The knowledge of the Newton polygon of go{T) gives a bound on the absolute value of Lp{\ + 
2m, Wp*"). These values together with the Newton polygon of go{T) are intimately related to the 
radius of convergence of the differential equation Tp{Ty = gQ{T)rp{T). 

From the fact that Tp{T) is simultaneously solution of every equation of the family (0.2) and of 
the "limit" differential equation, we deduce a family of congruences satisfied by the values Lp{l + 
2m, Wp™). Similar congruences were already known by [Was98] and [Bar83]. The main innovation 
here, with respect to the previous authors, is the fact that these new congruences can be understood 
in therms of the above theory. In our knowledge, this seems to be the first time that techniques of 
p-adic difference and differential equations are used to study values of p-adic L-functions. 

Comments about Berkovich spaces 

In this paper the language of Berkovich spaces displayed all its efficaciousness. We introduce in fact 
the notion of maximal Skeleton and of critical points of the Berkovich space of a bounded suh-K- 
affinoid of using its natural partial order (cf. Def. 2.8 and 2.9). This notion permits to test on the 
finite set of critical points some properties involving all the points, like for example "/or allQ./K and 
all uq € X{^), the norm of \ f{yo)\n is smaller than ..." or again "/or all Q/K and all yo ^ ^i^); 
the radius ofY{x,y) at y = yo is greater than . . .". In particular we approach, in Section 2.7, the 
study of the convergence locus of a two-variable function converging on a tubular neighborhood of 
the diagonal of X x X. Indeed the convergence locus of such a function is usually larger than the 
tubular neighborhood itself. We give a (non exhaustive) description of this locus by means of the 
notion of Radius of convergence as a function on the Berkovich space (following the lines of [BV07] ) , 
and describe its logarithmic properties on the maximal Skeleton. Thank to this principle we are 
able to provide criterions for the infinitesimality and non degeneracy of families of automorphisms 
(cf. Lemmas 5.13 and 5.3). Also cj-compatibility condition can be tested on the finite set of critical 
points (cf. Lemma 5.5). In Section 3.3 we introduce the notion of analytic cocycle, which are a 
characterization of solutions of differential equations. Their radius of convergence coincides hence 
with that studied in the fundamental work [BV07] and is then a continuous function on the whole 
Berkovich space ^{X). The "global continuity" of the radius is not used in the proofs of the present 
paper, but only its log-concavity properties on the maximal Skeleton (cf. Section 2.7). In this sense 
the paper is self contained concerning the notions about the Radius. 
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Definitions and Notation 



1. Rings of functions 

In this paper [K, |.|) will be an ultrametric complete valued field of characteristic (e.g. C((T)), Qp, 
Cp, . . . ). It is understood that the valuation of every complete valued field extension Q/K extends 
that of K. We denote by 



1 , I 1 if 1. 1 is trivial on Z; 

liminf |n!|i/" = < ^ (1.1) 
n \ \p\^^^ if M induces the p-adic absolute value on Z . 



If |.| is a seminorm on a ring A, we extend it to a seminorm on M„xn(^) = Mn.{A), by setting 

|('^ij)*j l • — mS-Xjj' |Q.jj'|. 

1.1 Analytic functions. 

Let M^o := {r G M I r ^ 0}, and let 6i := T^. We denote by 

Ak(c,R) := { Va„(r-c)" I a„ G if, liminf |a„r^/" ^ R } (1.2) 

the ring of analytic functions on the disk D~(c, -R), c £ K. Its topology is the finest one making 
continuous the family of norms | fliCT — c)'|c,p := sup |aj|/9*, for all p < R. Ak{c, R) is complete 
for this topology. 

Let 7^ / C M^o be some interval. We denote the annulus relative to c € K and to / by 

Ceil) := { X I |x - c| G / } . (1.3) 

We denote by 

AK{c,I):={ya,{T-cy\aiGK, lim |oi|/?* = 0, V p G / } (1.4) 

the ring of analytic functions on Cc{I)- We set | ai{T — cy\c,p ■= supj |aj|/3* < +oo, for all p G I. 
The ring Ak{I) is complete for the topology given by the family of norms {|.jc,p}pe/- We denote by 
Ak{I) ■■=Ak{0,I). 

The Robba ring is then defined as 

■Rk ■■= U Axils) , (1.5) 

£>0 

where Is :=]1 — e, 1[, and is complete with respect the limit Frechet topology. 

1.2 Affinoids 

Definition 1.1. A bounded suh-K-affinoid of is an analytic subset of A)^ defined by 

n 

X ■.= T)+{co,R^)-[j'D~{ci,Ri) , (1.6) 

i=l 

where cq, ci, . . . , c„ G K, < Ri, . . . , Rn ^ Ro, and ci, . . . , G D"*"(co, R). In the sequel we will 
call it simply aflanoid or ii'-affinoid for simplicity. 

We denote by X the if— affinoid itself, and for all ultrametric valued if— algebras (L, |.|), we 
denote by X{L) its L-rational points (e.g. if X = D+(0, 1) then X{K) = Or and X{L) = Ol are 
the rings of integers of K and L respectively). Notice that X{K) can be the empty set. 
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We will write X <^ L the L-afhnoid obtained by X by scalar extension. Identifying X with the 
functor L i— > X{L), the X <^ L is the restriction of that functor to the extensions of L. Indeed, for 
all L' /L, one has X{L') = (X (g) L){L'). By abuse of notation, we will write sometimes X instead of 
X(g)L. 

Unless specified mention, in this paper all affinoids will be ii'-rationals, we will often omit the 
expression "ET-rational" in the sequel. 

Let X be an affinoid, let H^^(X) be the ring of rational fractions f{T)/g{T) in K(T), without 
poles in X{K''^^^), and let ||.||x be the norm on Hj^^{X) given by 

||/(r)||x:=sup( sup \f{x)\), (1.7) 
n/K ^ xex{n) ' 

where (ri, |.|) runs in the family of complete valued fields extension of (X, |.|) (it is understood 
that the absolute value of extends that of K\ Notice that ||/||x = ^'^Vx^xiK'^'^^) I/(^)|5 for all 
/ G Hj^^X). We denote the completion of {H}^\X), || • ||x) by 

-HKiX) . (1.8) 

If pi,P2 G \K^^, and if X = D+(0, pa) - D-(0, pi), then HxiX) = Ak{I), whit / = [pi,p2]. 
Let e>O.UX = D+(co,i?o) -[j7=i^~ {ci,Ri), we set 

n 

X,:=B+{co,Ro + e)-\jB-{ci,Ri-e) . (1.9) 

i=l 

We set then 

nUx) ■■= U HKiXe) . (1.10) 

£>0 

The ring Ti^j^{X) is complete with respect to the limit topology. If Xi := {x \ \x\ = 1} we set 

Hk := HKiXi) , := n\^{Xi) . (1.11) 



2. Some properties of the Berkovich space of a bounded sub-/i'-afinoid of A]^ 

Definition 2.1 ([Bcr90]). Let X be an affinoid. A bounded multiplicative semi-norm on TixiX) is a 
function |.|* : Hk{X) M^o, such that |0|* = 0, |1|* = 1, |/ — ^l* ^ max(|/|*, l^l*), \fg\* = \f\*\g\*, 
and |.|* ^ C||.||x, for some constant C > 0. The Berkovich space ^{1-Lk{X)) = ^{X) is defined as 
the set of all bounded multiplicative semi-norms together with the finest topology making continuous 
the family of maps {|/| -.^{X)^ ]Rj>o, |/|(|.|*) := |/|* , |.|* S ^(X)}jg^^^(jf). 

Remark 2.2. Notice that C is always equal to 1, indeed since ^ C'||/"||x, then |/|* ^ 

C^/^ll/llx for all n ^ 0. Mor eover the restriction of |.|* to K coincides with the absolute value |.| 
of K. Indeed since ||a||x = |a|, for all a G K, the conditions |a|* ^ \a\ and |a~"^|* ^ l^^"^!) imply 

2.1 Dwork generic points 

Let (0, |.|)/(i^, |.|) be a complete extension of valued field. Every point c € X{n) produces the 
bounded multiplicative semi-norm |.|c : / ^ \f{c)\n on Hk{X). This defines a continuous map 

in ■■ Xin) ^ ^{X) , (2.1) 

where X(Q) has the topology induced by the absolute value of (cf.[Bcr90]). For all G ^{X), 
there exists a field extension (O, |.|)/(iC, |.|) sufficiently large to have |.|* = in{t), for some t G X{Q). 
Such a point will be called a Dwork generic point attached to |.|^,, of course t is not uniquely 
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determined by |.|*. The existence of the pair (yi,t) is proved as follows. By we can consider the 
completion of the fraction field of 'Hi^(X)/Ker(|.|=i,) with respect to the norm induced by |.|,,, then 
t is the image of T G T-Lk{X). The composite map K TixiX) — > is an isometry by Remark 
2.2. Notice that the image of T in = Frac(?l!;<'(X)/Ker(|.|^,)) is in some sense a canonical Dwork 
generic point, as far as the choice of T as variable is canonical. 

2.2 Norms of the type \.\c,r- 

Let / C M^o be an arbitrary interval. We recall that by definition a function N : I ^ M^o has a 
given property logarithmically if its log-function N{r) := log(A^(exp(r))) : log(/) [— oo,+cx3] has 
that property. 

Definition 2.3. Let p ^ 0, and let c be an arbitrary point belonging to a complete valued extension 
n/K? We define a multiplicative seminorm of the field of rational fractions KiT) as follows. For 
a polynomial P{T) G K\r] we consider its developpement P{T) = Yll=o^n{T — c)", € VL, at c, 
and we set 

|P(T)|e,p := max |a„|/)" . (2.2) 

i=0,...,n 

This definition extends to a multiplicative seminorm of K[T) and hence of H^^^{X) in an evident 
way. 

Let X := D+(co,i?o) — ^i=i,...,n^~ {ci, Ri) be an affinoid. The seminorm |.|cp extends to a 
bounded multiplicative seminorm of TixiX) if and only if three conditions are fullfiUed: 

i) c G D+(co,i2o), 

ii) p ^ Ro, 

iii) Ri whenever c G D~(cj, Ri), for some i = 1, . . . , n. 
Remark 2.4 (Independence on c). We notice that if |c — c'| ^ p, then 

I ■ |c,p — \-\c' ,p ■ (^-3) 

Indeed for all a G K^^^ one has |T — a|c,p = |T — c + c — a|c,p = max(|c — a\, p) = max(|c' — a\,p) = 
jT — a|c',p, hence, by multiplicativity, the equality hold for all polynomials (and hence for all rational 
fractions) with coefficients in K^^^. In particular it holds for every element of K{T) and Hj^^{X), 
and hence of TixiX) by density. 

2.2.1 Logarithmic properties. Let / C M^o be an interval. Assume that the conditions i),ii),iii) 
after Definition 2.3 are fullfilled for all p G /. Then the function 

p^\.\c,p : / -^{X) , (2.4) 

is continuous. More precisely, for all / G TixiX), the function / — > R^o sending p into \f\c,p is 
continuous and piecewise log-affine (i.e. piecewise of the form C ■ p", for C G M^O; ^ 
We examine now the case in which^ 

Cc{I) C X, (2.5) 

where Cc{I) '■= { \x — c\ G / } is the annulus centered at c G corresponding to the interval / C M^o- 
In this case the function p i— > |/|c,p is moreover log- convex, and more precisely its log- function |/|~ 
has a break at p G / if and only if / has a zero ^ G X{K^^^) such that |C ~ c| = p. Moreover the 

^Notice that c do not necessarily belongs to X(Jl). 

•^Notice that c does not necessarily belong to X{fl), and that for / — [0, R[ we find Cc(/) ~ D(c, 7?). 
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multiplicity of the zero ^ equals the difference between the slope of |/|~ at \og{p)~^ and the slope 
at log(p)^: 





l°g(l/l(c,p)) 




log(p) 


log{inf(i-)) V 


/ log{sup(/)) 







Finally if / = X^igz '^«(^ ~ developpement of / over the annulus Cc{I) Q X, then, for all 

p (z I, the semi-norm \f\c,p admits the following two expressions: 

\f\c,p = sup|ai|/3* = sup sup \f{x)\, (2.7) 

ieZ L/K \x-c\=p,x£L 

where L/K runs in the family of complete valued field extensions of K. 

One proves these properties by reduction to the case of rational fractions in H^^{X) because it 
is dense in Hk{X). Then one reduces to the case K^^^ because of the inclusion Hk{X) C 7Y^aig(X). 
Moreover over K'^^^ we are reduced to check these properties for polynomials of the type (T — a), 
a S K'^^^, because of the multiplicativity (see [CR94, Chapter 2] for more details). 

Remark 2.5. The function p \f\c,p is not globally logarithmically convex, but only on the 
intervals / such that Cc{I) C X. In particular, if c G X{^}), then p i— > \f\c,p is log-convex on 
/ = [0,pc,x[ (cf. (2.9) below), this implies 

\f{c)\n^\f\c,p, for allpG [0,pe,x[. (2.8) 
Observe moreover that the equality (2.7) is false if X has a hole contained in { |x — c| = p }. 



2.3 The number Py^x- 

For all valued field Q/K, and all y G X{0,) we set 

Py,x ■■= sup{ R\B-{y, R) CX } , (2.9) 

where the inclusion of D~{y,R) in X is an inclusion of analytic spaces. In other words py^x ■= 
minf^//^sup{ R \ D^, (y,i2) C X{Q')}, where Q' runs in the family of the complete valued fields 
extensions of K containing y. If X := D~^{co, Rq) — Uj=i^...^„D~(ci, Ri), one sees that 

Py,x = min(iio,|2/-ci|,...,|y-c„|) , (2.10) 

and that, if tc^^R^ is a Dwork generic point for |.|c_Ri, then 

= J^^^r.,r. PV'^ = mm{Ro,Ri,...,Rn) = min Pf ^« x . (2.11) 
yex{n),n/K i=o,...,n »' » 

Hence, if -R ^ rx, then for all valued field extension Q/K, and all y G X{Q), the disc D~{y,R) 
is contained in X ^ Q. More generally we can define the number P\,\^^x every Berkovich point 
|.|* G ^{X). If G X(Q) is a Dwork generic point for |.|*, then we set 

P\.U,x ■■= Pu,x . (2.12) 
Lemma 2.6. The definition of P\.\,^x does not depend on tlie clioice of t*. Moreover we have the 
foUowing implication 

M* ^ |.|** =^ P\.\,,x = • (2.13) 

Proof. By definition one has 

P\LY = min (i?o, I** - Ci|) = min {Ro,\T - Ci\^) (2.14) 

i=l,...,n i=l,...,n 

10 



Infinitesimal deformation of ultrametric differential equations 



which does not depend on the choice of t*. This expression of p| ^ provides the inequality p\.\^^x ^ 
Tho prove the converse inequality we now find another expression of p\,\^^x- Let {hs}s^Q 
be a sequence in K satisfying lim^ I^sI-Rq ~ ^i ^'^'^ ^^'^s \bs\R'^ = +00, for all R > Rq. The power 
series fo{T) = Yls^o ^siT — coY converges exactly on D~^{co, Rq), and belongs hence to 'Hi^(X). The 
function fx{T) := foiT) + Yll=ii'^ ~ ^i) ""^ ^ TCxiX) has the property that its Taylor expansion 
at a point y G X{i}) {^l/K being as usual an arbitrary complete valued field extension) converges 

with radius Py,x- We can write py^x = Ro.d{fx,y), where Rad{fx,y) = liminfn(|/x'^(y)|/|"'!|)~"'^^"' 
is the radius of convergence of the Taylor expansion fx = Yln>o fx\y)('^ ~ v)"' /n\ of fx3.ty^ Q. 
Since = l/^^^l*, then we can express P\.\,,x ^ 

:= liminf(|/i")|,/|n!|)-i/", (2.15) 

which proves one time more that it does not depend on t^,. The inequality p\,\^^x ^ follows 
then by this expression. □ 

2.4 Shilov boundary 

A Shilov boundary of X is a set of points S := C ^{X) satisfying 

WfWx = sup \f\i , for all / e TiKiX) . (2.16) 

Every affinoid X = D+(co,i?o) — ^i=i,...,n^~ {ci, Ri) admits a finite Shilov boundary given by 

Sx = {\■k,RA^=0,...,n . (2.17) 

If ici,_Ri is a Dwork generic point associated to |.|ci,Ri one has then 

WfWx = max = .max |/(t,,,Bj|, for all / G W . (2.18) 

«=0,...,n j=u,...,n 

Lemma 2.7. Let X = D+(co,-Ro) - ^i=i,...,n^~ici, Ri) be an afRnoid. Let 

rx := min(i?o,---,^n) • (2.19) 

Theii ||^/(r)||x^r^^||/(r)|U. □ 

2.5 Maximal Skeleton and critical points of the Berkovich space of a bounded sub-i^- 
affinoid of 

Let X = D+(co,i?o) — Uj=i^,,,^„D~(cj, i?i) be an affinoid. 

Definition 2.8. We call the maximal Skeleton of X the following subset of ^{X) 

:= \] { |.|c„p \p^{R^,R^\ } . (2.20) 

i=l,...,n 

It is understood that \iX = D^(co, -Ro) has no holes, then the above family is reduced to the Shilow 
boundary 5^x ■= { \-\co,Ro }■ 

The union on the right hand side of (2.20) is not disjoint. Indeed, by Remark 2.4, for all i,j = 
1, . . . ,n one has \.\ci,p = \-\cj,p, for all p ^ |cj - Cj\. 
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(2.21) 



Mci.Hi Mc2,-R2 



The maximal Skeleton of an annulus Cc{I) := { x \ \x — c\ G / } is given by 

-^Ccii) ■= { \-\c,p }pG/ ■ (2.22) 
Definition 2.9. We will call critical points, the points belonging to the family 

■■= { \-\c„R, }i=0,...,n|J{ \.\c„\c,-cj\ }i,j=l,...,n ■ (2.23) 

Notice that the Shilov boundary is composed by critical points. One has the inclusions: 

Sx ^ ^ ^{X) , (2.24) 

where Sx = { Mci,_Ri }i=o,...,n is the Shilov boundary of X, and ^x is the set of critical points 
just defined, and ^x = U"^;^{ |.|c,,p }pe[_Ri,_Ro] maximal Skeleton. 

Remark 2.10. The interest of the maximal Skeleton J^x ^ind of the set of critical points ^x lies 
in the fact that many properties of continuous functions on ^ are verified in all point if and only 
if they are verified in the maximal Skeleton or in the finite set of critical points. 

Proposition 2.11. The maximal Skeleton 5^x coincides with the set of maximal points of ^(X).^. 

Proof. We firstly prove that for all |.|* € ^(X) there exists a point G ^x such that |.|* ^ |.|**- 
Let t € X(Q) be a Dwork generic point for |.|*. By Section 2.2.1 for every function / G TixiX) one 
has = \f{t)\ ^ \f\t,ptx- If = D'*'(co, -Ro); the assertion follows from the fact that \ f\t,pt x — 
\f\t,Ro = |/|co,Ro) for all / S HxiX). Assume now that X has at least a hole. If pt^x = Ro, then 
\ci -t\ = Ro for alH = l,...,n. Then we can write |/|* = \f{t)\ = \f\tfl ^ \f\t,pt,x = \f\t,Ro = 
|/|ci,Ro; fo'^ / ^ '^k{X). Assume now that pt^x < Ro- By definition one has pt^x = \t — Ci\ ^ Ri, 
for some i = 1, . . . ,n, so that = \f{t)\ ^ \f\t,pt,x = \f\c^,pt,xl for all / G Ti-xiX). This proves 
that contains the set of maximal points of ^{X). It hence sufficient to prove that the inequality 
|.|* ^ |.|** implies |.|^, = |.|*^, for every couple of elements |.|*^, S Assume that \-\ci,pi ^ Mcj,pj • 
To prove that \-\ci,pi = \-\cj,pj it is enough to prove that pi = pj, and that \ci — Cj\ ^ min{pi,pj) (cf. 
Remark 2.4). From max(pj, {a - Cj\) = \{T - a) + (cj - Cj)\ci,pi = \T - c^jc^.p^ ^ |r - Cjlc^^p^ = pj 
we deduce pi ^ pj and |cj - Cj\ ^ pj. From p~'^ = \{T - Cj)~^|c,,pi ^ |(T - Ci)~^\cj,pj = {{T - 
Cj) + {cj — Cj)|~.^p^. = max(/9j, \ci — Cj\)~^ we deduce pi ^ pj and pi ^ |q — Cj|. Hence pi = pj and 
\ci — Cj\ ^ mm{pi,pj) as required. □ 

It will be convenient to express explicitly the value of P\.\^,,x foi' a-H I -I* of the maximal Skeleton 
^x of X. 

Proposition 2.12. Let X := D+(co,i?o) - ^i=i,...,n^~{ci,Ri)- Let i?j ^ p ^ Rq. Then one has 

P\.U,.„x = p. (2.25) 
''Here we consider the natural partial order of semi-norms, namely |.|, ^ |.|,, if and only if I/I, ^ |/|** for all 

feHKiX). 
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Proof. By definition one has /9|,|^ x = ™inj=i,...,n(-Roi ~ (^j\ci,p)- On the other hand \T — Cj\c^^p = 
\(T — Cj) + (cj — Cj)\ci,p = max(p, jcj — Cj\) ^ p, hence the above minimum is greater than p. Since 
for j = i we have \T — Cj\c^n = p, the proposition is proved. □ 



2.6 log-graphic of a function on the maximal Skeleton. 

Let X := D"'"(co, Rq) — Ui=i^...^„D~(cj, Ri) be an affinoid. In this subsection we give a description of 
the logarithmic behavior of the log-graphic of a function / € 7{k{X) on the maximal Skeleton. 



Proposition 2.13. Let f G HxiX). For a fixed index i G {l,...,n} consider the path { 
in ^(X). Consider the following sub-set of critical points 

^X,i ■■= {Ri,Ro}^{\Ci- Cj\}j=i^,,,^n,j^i ■ 

We now consider ^x,i as an ordered the set. We denote by 

Ri = Pi,0 < Pi,l < Pi,2 < • • • < Pi,ri = Rq 

the increasing sequence of elements of ^x,i = {Pi,o, ■ ■ ■ Then the log-graphic of p 

is continuous and log-convex in [pi^s, Pi,s+i], for all ^ s ^ — 1. 



CP }r 
(2.26) 

(2.27) 

\f\ci,p 



log(l/|ci,p) 

log(fl.) 



log(p».i) 



log(Pi,2) 



log(P^.r,~l) 



log(-Ro) . 





\ (2.28) 

Proof. This follows from section 2.2.1 since the annulus Cc{]ps, Ps+i[) is included in X, and we have 
the inclusion TCk{X) C Ak{]Ps, Ps+i[)- D 

2.7 Convergent functions on neighborhoods of the diagonal 

A typical example of neighborhoods of the diagonal is given by the tubular neighborhoods, that is 
those of the form 

T{X,R) := {{x,y) £ X X X \ \x-y\<R}. (2.29) 

For R ^ rx, the isomorphism T{X,R) ~ > D~(0,i?) x X defined by {x^y) i— > {S,y), with 5 = 
5{x, y) = X — y, induces an isomorphism of the ring AxiTiX, R)) of analytic functions on T{X, R) 
with the tensor product -4.^^(x)(0, R) := Ak{0, R)'^k'Hk{X). Every function of At^^(^x){'^^ can 
be uniquely written as X^„>o fn{y)S"', with G Ti.K{X), satisfying lim„ ||/n||xp" = for all p < R. 
Hence, by this isomorphism, one sees that the elements of AKiT{X, R)) can be uniquely written as 
(cf. [Ber90, before Prop.2.1.2]) 



f{x,y) = ^ fn{y){x - yY 



(2.30) 



n>0 



with /„ G Hk{X), satisfying lim^^oo ||/n||x • p" = 0, for all p < ^ r^. 

The convergence locus of such a function is usually not reduced to T{X,R). For example, if 
X' C X is a sub-afhnoid, then the inequality H/nllx' ^ ll/n||x implies that the restriction of f{x,y) 
to X' X X' may converges on T{X',R'), with R' > R. 

Remark 2.14. G.Christol pointed out to us that the convergence locus depends also on the way in 
which the function f{x,y) is written. For example ii X = D"'^(0, 1), and if f{x,y) = X]„(x — y)"". 
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then it converges for |x — y| < 1, \y\ ^ 1. Its re-summation f{x,y) = Yli j=o {^~\,'')^^y^ ^ converges 
for l^^l, |?/| < 1 and we "loose convergence". 

It seems complicate to describe completely the nature of the convergence locus of /(x, y) (cf. 
section 3.2), in the following we give a partial description. 

Definition 2.15. For all complete valued field extension VtjK^ and all point yo £ -^(^2) we consider 
f{x,yQ) € Axiyo, R) as a function of the single variable x. We set 



where 



Rad{f{x,y),yo) := mm{ Rad{f{x,yo)) , py^^x ) , (2.31) 

Rad{f{x,yo)) = liminf |/„,(yo)|^'/" (2.32) 
is the radius of convergence of f{x, yo) as function of x. We extend this definition to ^{X) by 



Rad{f{x,y), 



Rad{f{x,y),U) 



(2.33) 



where t* is a Dwork Generic point for |.|^,. We call Rad{f{x,y), \.\^) the Radius of convergence of 
f{x,y) at \.\^. By equations (2.32) and (2.12) it is clear that this definition does not depend on the 
choice of t*. 

Lemma 2.16. The convergence locus of f{x,y) contains the set 

{ {xo,yo) I |2;o - Vol < Rad{f{x,y),yo) } . (2.34) 
Lemma 2.17 (Transfer principle). If |.|* ^ |.|**, then Rad{f{x,y),\.\^:) ^ Rad{f{x,y),\.\^^:). 



Proof. It follows from Rad{f{x,y), |.|*) = liminf„ |/„ 
and from Lemma 2.6. 



^^^^ ^ liminf„ |/„|*i''" = Rad{f{x,y), |.|**), 

□ 



Proposition 2.18 (log-concavity of iZod(/(3;,y), -)). Let X = 1)+ {cq, Rq) - Uf^iB' {a, Ri). With 
the notations of Proposition 2.13 the function p Rad{f{x, y), \.\ci,p) is log-concave in every interval 
[Pi,s, Pi,s+i], d'nd continuous in ]pi^s, Pi,s+i[, for all s = 0, . . . ,ri — 1. In particular 



lini Rad{f{x,y) 



5 l-lCi,pJ 



> Rad{f{x,y) 



' \ -\Ci,Pi,sJ 



The following picture represents the log-graphic of the function p Rip) where 

R{p) := Rad{f{x,y),\.\c^^p)/p\,\^,^^^x = Rad{f{x,y),\.\c^,p)/p-^ 



(2.35) 



(2.36) 



log(^?(p)) 




(2.37) 



Proof. The liminf of log-concave functions is log-concave (cf. Prop. 2. 13). A log-concave function is 
continuous on open intervals. □ 

^Notice that p\.\^. p,x = P by Proposition 2.12, and hence that the log-graphic of the function log(p) i— > R{p) is above 
the horizontal line log(p) t-^ log(p|.|^. .x/p) = 1 by definition of the radius. 
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Remark 2.19. The presence of Py^^x in the definition is due to the fact that we want to have the 
property Rad{g{x) ■ fix,y),yo) ^ Rad{f {x , y) , yo) , for all g{x) G Hk{X). Indeed g{x) converges 
on D~(yo, /Oyp^x), but may not converge outside X (cf. Corollary 3.10). This definition of Radius 
comes back to B.Dwork who introduced the idea of study the radius of convergence of solutions of 
differential equations at (todays called) "Dwork generic points" (cf. Section 2.1). Nevertheless the 
definition of Dwork involves the number pt := max{i2 | D^(t, i?)n-fC = 0}, t G X{Q)^ instead of pt.x- 
In the most important cases, namely for the point of the maximal Skeleton, one has pt^x = Pt (cf. 
Prop. 2.12). The introduction of pt^x in the definition is due to [BV07], who proved the continuity of 
the function |.|* i— > Rad{Y{x,y), |.|*), when Y{x,y) is the Taylor solution of a differential equation 
with coefficients in TCxiX). The work of [BV07] generalizes to Berkovich spaces the preceding 
theorems of [CD94] about the continuity of this function on the maximal Skeleton of an annulus. 
Indeed on an annulus one has p\.\p^c{i) = Ptp = P (here tp is a Dwork generic point attached to 
\-\p ■= \-\o,p on the annulus C{I) = € /}). 

2.7.1 Global Radius of convergence. We call Global Radius of convergence of f{x,y) with respect 
to X the quantity 

Rad{ f{x,y) , X) := min( rx , min Rad{f{x,yo)) ) , (2.38) 

^/K, yo&X{n) 

= min Rad{ f{x,y) , yo) , (2.39) 

n/K, yoex{n) 

where i}/K runs in the family of all complete valued field extensions of K. The second equality 
follows from equation (2.11). Clearly 

Rad{f{x,y),X) = sup{ R \ R ^ rx, and f{x,y) converges on T{X, R) } . (2.40) 

Lemma 2.20. Let X = D+(co,i?o) - ^i=i,...,n^~{ci,Ri), cq, ci, . . . ,c„ G K, Rq, Ri, . . . ,Rn > 0, be 
a K-afRnoid. Let f{x,y) = "^s^q fsiy){x — y)* be a K -rational analytic function converging on 
a tubular neighborhood of the diagonal of X x X. Let Sx ■— {Mco,-Ro) Mci,-Ri) • • • ) Mc„,_R„ 

} be the 

Shilov boundary of X, and let {tco,Ro > ^ci,fli , • • • , tcn,R„ } be a family of corresponding Dwork generic 
points. Then 

Rad{ f{x,y) , X ) = min { Rad{ f{x,y) , tc^^R^ ) ) = min( rx , liminf ||/^||^^/^ ) . (2.41) 

1=0,1,. ..,n s 

Proof. The second equality follows by the relation ||/s||x = niaxj=o,...,n |/s(ici,i?,i)|, since "liminf" 
commutes with the "minimum over a finite family". Now we check the first equality. One sees 
that the inequality ^ holds because for yo = ta^Ri, the term Rad{f{x,y),tc^,Ri) appears in the 
expression (2.39). The converse inequality follows then by the fact that min(rx, liminf ^ ||/s||x^^'') ^ 
min{rx,niinf^/K,ya(zX(n) Rad{f{x,yo))). Indeed liminf^ ll/^llx^^^ = liminf^ inff^/^^j^„gx(Q) \ fs{yo)\'^^' 
^ inin/K,yoeX{n) liminf^ \fs{yo)\~^^'' = infQ/ft',yo6X(C) Rad{f{x,yo)). □ 

First part: Deformation functor 



3. Linear Differential Equations 

Let (B,d) be a ring together with a fixed derivation : B — > B. A differential module over B is a 
finite free B-module M, together with a connection on M. We recall that a connection on M is a 
linear map : M — > M satisfying V(6m) = d{b) -m + b- V(m), for all 5 € -B, ?n G M. A morphism 
of differential modules a : (M, V^) (N, V^) is a B-linear morphism commuting with the actions 
of V on M and N. The category of differential modules with coefficients in B will be indicated with 

d-Mod(B). (3.1) 
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This is a ^-category in the sense of [DM]. The unit object is given by (B,d). The internal and 
Horn are given by (M ®b N, V^®^) and (Horns (M, N), V"°"^(^'N)), where V^®^ and vH°'^(^'N) 
are defined by 

V^®^(m(g)n) := V^(m) O n + m V^(n) , m e M, n G N , (3.2) 
yHom{M,N)(^)(^) ._ vN(0(m)) -0(V^(m)) , (/)eHomB(M,N) . (3.3) 

If e := {ei, . . . , e^} C M is a basis of M, the connection is determined by its values on e. If 
V'^(ei) = 9i,j^j we call G := {gij)i,j=i,...,n the matrix of in the basis e. 

3.0.2 Solutions, formal definition. Let B' be a B-algebra, together with a derivation d', extend- 
ing d. Let M € (i— Mod(B). A solution of M with values in B' is a B-linear map a : M — > B' satisfying 
d' o a = ao V^. Let [B'Y^^ C B' be the sub-ring formed by elements b' such that d'{h') = 0. The 
solutions of M with values in B' forms a (i?')'^^''-module. 

If G is the matrix of in the basis e = {ei, . . . , e„}, then the vector ( : ) G (-B')", defined 
/d'(yi). ,yi. 

by Ui := a{ei), verifies ( '■ ) = G ■ ( [ ) . We will say hence that M is defined in the basis e by 



the (linear differential) equation 

d{Y) = G Y . (3.4) 

Lemma 3.1. Assume that there exists a differential ring (B', d') /(B, d), such that i) the map B ^ B' 
is injective, ii) M is triviahzed by B' (i.e. M (8> B' is trivial as -differential module), Hi) B*^^*^ is 
a held, and (B')'^^'' = B'^^'^. Then the B'^^'^-vector space of solutions of M, witii values in B has 
B'^^^ -dimension smaller than or equal to rankeM. □ 

Proof. Let n := dime M. Since B C B' is injective, so does the natural map HomB(M, B) C 
HomB(M, B'). Hence the canonical linear map of B'^^'^- vector spaces Hom^(M,B) C Hom^(M,B') = 
Homg/(M (g) B',B') is injective too. Hence we can assume B = B'. By ii) M (8) B' is trivial, i.e. iso- 
morphic to (B')" as B'-differential module, so Hom^((B')", B') = Hom^(B', B')". By ifi) one has 
Hom^(B', B') = (B')'^=° = B'^=°, this proves the lemma. □ 

A fundamental matrix of solutions o/M is a matrix Y G GLn{B') satisfying Equation (3.4). Its 
columns define a basis of solution of M with values in B'. 



3.1 Taylor Solutions 

Consider now a 7YK(^)-differential module M, and fix a basis e = {ei, . . . , Cn} of M. The triplet 
(M, V'^jC) defines an equation 

^{Y)=G{x)-Y, G{x) e MniHKiX)) . (3.5) 

Let ^/K be an extension of valued fields, and let y G X{i}). The Taylor formula express the 
fundamental basis of solution Y{x,y) at y as 

y(x,y) = ^G„(y)^^^, (3.6) 

where Gn{x) is defined by the relation {d/dx)^{Y) = GnY. Inductively one has Gn+i = d/dx{Gn) + 
Gn ■ G, Gq = Id, Gi = G. One proves easily by induction that ||Gn(x)||x ^ max(||G„||x, rx)*^, and 
|n!| ^ w", so the entries oiY{x, y) are analytic functions on T(X, R) with R = u;-max(||Gn||j(:) ^'x)"^- 
Hence the properties of section 2.7 holds for Y{x,y). 
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For all uq € X{^), the matrix solution yo) can be understood as a solution (in the formal 
sense) with values in AxiyQ^R)-: for all R ^ Rad{Y{x,yQ),yQ). 

Lemma 3.2 ([Pul07],[CM02]). Let Y{x,y) be the Taylor Solution of the equation (3.5). For all 
complete valued held Q/K, and all yo G denote by Ry^ := Rad{Y (x , y) , yo) . Then: 

i) For all zi, Z2 G one has z\ E D~(z2, -^22) ^^^Z only if Z2 G D~{zi, Rzi)- Equivalently if 
\zi - Z2I < Rz2, ihen Rz^ = R^^. 

ii) For all x G X{Q), one has Y{x, x) = Id. 

iii) For all c, x,y, z G X{Q,), such that x,y,z G D~(c, Rc), one has Y{x, y)Y{y, z) = Y{x^ z). 

iv) For all x,y G X{^) such that x G D~{y,Ry) one has Y{x,y)~^ = Y{y,x). 

v) One has £Y{x,y) = G{x) ■ Y{x,y) (cf equation (3.9) j. 

3.2 Convergence locus of a Taylor solution: uniform neighborhoods of the diagonal 

If Y{x,y) is the Taylor solution of a differential equation on X, then by Lemma 2.16 the following 
subset of X X X is contained in convergence locus of Y{x,y): 

^ := { {xo,yo) \ \xo -yo\ < Rad{Y{x,y),yo) } . (3.7) 

We notice that the function |.|* 1— > Rad{Y{x, y), |.|*) is continuous on the whole ^{X) by [BV07]. In 
particular the function p 1— Rad{Y{x,y), |.|ci,p) of Proposition 2.18 is continuous on the whole inter- 
val [Ri, i?o] in this case. There are many properties that U satisfies, and its description can certainly 
be made more precise. Indeed for example it is known that the function p 1— > Rad{Y{x,y), \.\ci,p) 
satisfies important properties, as for example the fact that its slopes are rational with denominator 
bounded by r!, where r is the rank of Y(x, y) (cf. [PonOO]). A precise description of these sets seems 
however difficult and lies outside our scopes. We give here a simple list of properties of these sets 

Definition 3.3. We call uniform neighborhood of the diagonal a (functorial) subset hi of X ^ X 
which satisfies: 

i) hi is defined as (cf. Lemma 2.16) 

U := { (x,y) \ \x-y\ < Rui\.\y) } , (3.8) 
where Rk : ^{X) M^o is a continuous function; 

ii) Ru satisfies Ru{\-\*) ^ P\.U,x for M* ^ ^{X)\ 

iii) For all complete valued extension Q,/K, and all (x,y) G X{n) satisfying |x — y| < Ru{\-\y)-, 
then Ru{\-\y) = Ru{\-\x)] 

iv) For all complete valued extension ft/K, and all {x,y) G U{Q.), then {y,x) G hl{Vl)f 

v) hi contains a tubular neighborhood T{X,R), for some i? > 0. 

vi) For all complete valued extension 0,/K, and all {x,y), {y,z) G h{{Q), one has {x,z) G h{{0,). 

3.2.1 Uniform Neighborhoods of the diagonal, the case of an annulus. Let C(I) be an annulus. If 
/ is compact, then C{I) is an affinoid and the above definition applies. Assume then I non compact. 
A neighborhood of the diagonal of C(/) x C(I) is called uniform if, for every compact J C I, its 
restriction to C(J) x C{J) is uniform in the sense of the previous definition. Notice that a uniform 
neighborhood of the diagonal of C(I) does not necessarily contain a tabular neighborhood. 



^The notation U{Q,) is somehow abusive here because we have not proved that U is an analytic sub-space of X x X. 
By U{Q) we mean the set of {x,y) £ X{Q,) x X{Q,) satisfying the condition expressed by (3.8). 
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3.3 Analytic cocycles 

Definition 3.4 (Analytic cocycle). Let X be an affinoid. We call K -rational analytic cocycle a 
square matrix Y{x,y) satisfying: 

i) The entries of Y{x, y) are analytic functions on a tubular neighborhood of the diagonal T(X, R) 
(cf. Section 2.7) for some unspecified < i? ^ r^; 

ii) For all complete valued field extension Vl/K and all x € A'(il) one has Y{x,x) = Id; 

iii) For all complete valued field extension $7/ and all X, y, z E X{n) such that |x — y|, |y — z|, |x — 
z\ < R, one has Y{x, y) ■ Y{y, z) = Y{x, z). In particular Y{x, y)~^ = Y{y, x). 

The following proposition provides a characterization of the Taylor solutions of differential equa- 
tions with coefficients in TixiX). 

Proposition 3.5 (Characterization of solutions of Differential equations). Let y(x,y) he a matrix 
whose entries are two variable analytic function on T{X,R), < R ^ rx, satisfying Y{x,x) = Id. 
Then Y{x, y) is an analytic cocycle if and only if it is the Taylor solution of a (unique) differential 
equation ^F(x,y) = G{x) ■ Y{x,y), with G{x) G Mn{nK{X)). 

Proof. Let h £ K he such that < i? ^ rx- Then the matrix A{h,x) := Y{x + h,x) belongs 
to HxiX), and verifies Y{x + h,y) = A{h, x)Y{x,y). Indeed if Y{x,y) = J2n-^o ^n{y)ix - yY 
(cf. Section 2.7), then the series of functions A{h,x) := ^n>o^n{x)h^ converges on X because 
lim„ = since Y[x,y) converges on T(X,R), and \h\ < R. One sees moreover that 

A{0, x) := Id, and that (by composition) A{h, x) is analytic with respect to h. We can hence 
consider G{x) := [d/dh{A{h,x))]^fi^Q G M„(7Yx(A')). By definition one has 

d T Y(x + h,y) —Y(x,y) /A(h,x)—ld\ , ^, , , ,„ 

— y X, y)) = hm ^ '-^ = hm ^^-f • Y{x, y) = G{x) ■ Y{x, y) . 3.9 

dx /i->o n h-*o\ n J 

This proves that an analytic cocycle is solution of a differential equation. Reciprocally write Y{x, y) = 
1 + 'Ylin>i-^'n-{y){x — ?/)" and d/dx{Y{x,y)) = G{x)Y{x,y). For all complete valued field Q/K, 
and all yo € X{^}), we specialize these equation at y = y^. By the Taylor formula one finds 
Y{x,yQ) = Y.n^Q{d/dxY{Y{x,yQ))\^=y^{x - yoY/nl, hence Hn{yo) = (<i/<ix)"(y(x, yo))U=yo/n! = 
{Gn{x)Y{x.,yQ)/n^\\x=yQ = Gn{yo)/n'h where are inductively defined by the relation {d/dx)"'{Y) = 
GnY, namely Go = Id, Gi = G, G„+i = G^ + G„G (cf. Section 3.1). Hence Hn{x) = Gn{x)/n\ in 
7iK{X) (because they coincides as functions) and then Y[x,y) equals the Taylor solution. □ 

Corollary 3.6 (Rigidity and continuity of the Radius). Let Y{x,y) = "^n^Q Hn{y){x — y)" be an 
analytic cocycle. Then 

i) One has d/dx{Y{x,y)) = Hi{x)Y{x,y), i.e. the matix G{x) of Prop. 3.5 is equal to Hi{x). 

ii) One has Hq = Id, and the matrices j^J^y^, (i/)}^^ ^2 are completely determined by Hi{y) via the 
recursive relation Hn.+i{y) = (n + l)~'^[d / dx{Hn{y)) + Hn{y)Hi{y)]. 

iii) The radius of convergence |.|* i-^ Rad{Y{x,y), |.|*) is continuous on the whole ^{X). 

iv) Y{x,y) converges on the uniform neighborhood of the diagonal lA (cf. Definition 3.3) de- 
fined by the function Ry = Rad{Y{x,y),\.\^), and the rule iii) of Definition 3.4 holds for 
all {x,y), (y,z){x,z) G U{n). 

Proof. Point i) have been proved in the proof of Proposition 3.5. Point ii) follows by the fact that 
Y(x,y) is forced to be the Taylor solution of the equation Y' = Hi{x)Y (cf. Lemma 3.7, Section 
3.1). The continuity of Rad(Y(x, y), |.|*) have been proved in [BV07]. Point iv) follows from the fact 
that Y{x,y) coincides with the Taylor solution of Y' = GY (cf. Section 3.1). □ 
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Lemma 3.7 (Uniqueness of the cocycle). A (linear) differential equation Y' = G ■ Y has an unique 
analytic cocycle as solution: its Taylor solution. 

Proof. Assume that y/ = GYi, and Y^ = GY2. Since = Id' = (^1^1"^)' = Y^Y^'^ +Yi{Y^-^y , then 
d/dx(Yi{x, y)~^) = —Yi{x, y)~^G{x). Hence d/dx{F{x, y)) = 0, where F{x, y) = Yi{x, y)~^Y2{x., y). 
The function ^(x, y) does not depend on x, and for x = y one has F{y, y) = Id, so F{x, y) = Id for 
all (x,y) G T{X,R), with R sufficiently small. So Yi{x,y) = Y2{x,y). □ 

Lemma 3.8 (Rigidity). Let Vl/K he a complete field extension and let y^ E X{Q). IfYi{x,y), 
Y2{x, y) are two K -rational analytic cocycles such that Yi{x, yo) = Y2{x, yo) as power series matrices 
in GLn{An{yo,R)), then Yi{x,y) = Y2{x,y). 

Proof. Let ■£^Ys{x,y) = G^'^\x)Ys{x,y), s = 1,2, be the differential equations satisfied by Yi,Y2. 
Specializing at y = yo we find -^Ys{x,yo) = G^'^\x)Ys{x,yQ), s = 1,2. Since the morphism 7-^i^(X) — > 
■Aniyo,R) is injective, and since 11 (x,yo) = l2(a;, yo), one has G'^] (x) = d/dx{Ys{x,yo))Ys{x,yQ)~^ = 
G[21(x) in Hk{X). By the point i) of Cor. 3.6, we Yi{x, y) = Y2{x, y). □ 

Lemma 3.9 (Base change formulas). Let (M, V^, e) be a differential module, together with a fixed 
basis e. Let H{x) € GLn{T~LK{X)) be a base change matrix. Assume that Y(x,y) is the analytic 
cocycle satisfying the equation defined by M in the basis e. Then the analytic cocycle associated to 
the equation defined by M in the basis H{x)e is given by 

H{x)Y{x,y)H{y)-^ (3.10) 

Proof. One verifies easily that H{x)Y{x,y)H{y)~^ is a A'-rational analytic cocycle, and that it is 
solution of the new equation in the new base H{x)e. □ 

Corollary 3.10. The radius Rad{Y{x,y), |.|^,) is invariant under 7iK{X)-base changes. 

Proof. The radius Rad{Y{x,yQ)) of y(x,yo), as function of x, is not invariant under base changes 
by matrices H{x) £ GLniH-KiX)), as one can see from equation (3.10). Indeed the matrix H{x) 
may have a small radius with respect to that of y(x, yo). By equation (2.11) we notice that H{x) 
converges at least on the disk D~(yo, pyg^x), hence Rad{Y{x,y),yo) ■= min{Rad(Y(x,yQ)), py^^x) is 
invariant under 7iK(X)-hase changes. □ 

Lemma 3.11 (Tensor product). Consider two K-rational analytic cocycles Yi{x, y) = (y|^^)i,j=i,...,ni! 
and Y2{x,y) = {y\j,\k=i,...,n2 on X. Define yf^j^^y^k) •= ' • 

Ys{x,y) := (?/(3),(j-fc)){i,o,{j,fc)e[i,ni]x[i,n2] (3.11) 
is a K-rational analytic cocycle. We call Y3{x,y) the tensor product of Yi{x,y),Y2{x,y). 

Proof. If Ui is the uniform neighborhood of the diagonal over which Yi converges, then clearly 
Us := Ui r\U2 is uniform , moreover y3(x,x) = Id, and y3(x,y) converges on U-^. It is enough to 
show that y3(x, y)y3(y, z) = y3(x,2;) for all {x,y){y, z){x, z) G U-^. We know that yi(x, y), y2(x, y) 
are Taylor solutions of two differential equations. For s = 1,2 let be the differential modules of 
dimension rig defined by the equations d/dx{Ys{x,y)) = Gs{x)Ys{x,y). If e^'^^ . . . ,en] G is the 
basis of Ms for which Ys{x, y) is the solution, then the columns of l^(x, y) defines a basis of solutions 
with values in Axiy, R)' cti^\ ■ ■ ■ , ctn] '■ Axiy, R), with y^'^j = a^^\ei). We interpret y3(x, y) 

as the Taylor solution of the tensor product Mi <^ M2. Hence this will proves the required cocycle 
property of y3(x,y), thanks to the fact that y3(x,y) is a solution of a differential equation. Indeed 
'-^j'fc '^j^^ ® '^^k^ ^ basis of the i^T- vector space of solutions of M3 := Mi Cgi M2. Choosing the 
basis e^fi := ef'^ (S) ef^ one has oi>^\{€>fl^ = yf^^y^^^ = y|j^)^ q^.^. By the uniqueness of the Taylor 



solution y3(x,y) is the Taylor solution of Mi ® M3 in the basis {e^ /}(j,;)g[i,ni]x[i,n2]- '-' 
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3.4 Elementary stratifications 

Let X be an affinoid, and let R > 0. An (elementary) R- stratification on X (M, xm) over X is a 
finite free 7Yx(^)-module M together with an isomorphism 

XM : pV^\r{x,B) p2^\r{x,R) , (3.12) 

where pi : X x X ^ X denotes the projection on the i-th factor. We assume moreover that: 

i) If Pi J : XxXxX^XxX denotes the projection on the (i, j)-factor, then 

Pi,2{xm) o P2,3(Xm) = Pi,3{xm) (3.13) 
on pi'^iTiX,R)) np^},iTiX,R)) n p^^.iT (X , R)) . 

ii) If A : X — > X X X denotes the diagonal immersion, then A*(xm) = Wm on M (here we identify 
canonically M with A*p*M). 

If a basis of M is chosen and if Y{x,y) € GLnxn{T~(-K{'^{X,R))) denotes the matrix of xm in 
this basis then Y{x^ y) is an analytic cocycle. 

A morphism (M, xm) (N, Xn) of regular stratifications is a 'Hi^(X)-linear map a : M — > N 
satisfying 

(P2«)|r(x,/?) o XM = XN o {p\a)\r(x,R) ■ (3.14) 

We denotes by IIom''^(M, N) the -fC-vector space of morphisms. We call Strat(7^A'(X))['^] the category 
of (elementary) i2-stratifications. 

3.4.1 If d- Mod(?^i^(X))[^l denotes the fully faithful sub-category of d- Mod(?^i^(X)) whose 
objects have a Taylor solution converging on T(X, i?), then we have a functor 

S : (i-Mod(Wi^(X))[^] Strat(?^i^(X))[^] (3.15) 

defined as follows: S(M, V^) is the i?-stratification (M, xm) defined by the Cauchy solution Y{x, y) 
of M. For all morphisms a : M — >■ N one has S(a) := a. It follows essentially from section 3.3 that 
this is a well defined functor. In terms of matrices the well definition follows from the fact that H{z) 
is the matrix of a morphisms a : (M, V^) — > (N, V^) if and only if H{z)Y^[z, w) = Ym{z, w)H{w) 
for all {z,w) S T{X,R), where Yuizjiv) and Yf^{z,'w) are the analytic cocycles defined by M and 
N in the fixed bases. This proves that a verifies (3.14). 
Conversely we have a functor in the other direction 

D : Strat(?ix(^))'^^ ^ d - Mod{nKiX))^^^ (3.16) 

defined as follows: D(M, xm) is the unique differential module defined by proposition 3.5, and D is 
the identity on the morphisms: T){a) = a. The following theorem follows essentially from section 
3.3 

Theorem 3.12. The functor S : d - Mod('Hi^ (X))!^! ^ Strat{nK{X))^^^ is an equivalence of 
categories, with quasi inverse D. If Strat(7^^4'(X)) denotes the union IJjij^q Strat(7^i^(X))[^] , then 
the functor S (resp. Dj commutes with the inclusions of categories and dehnes an equivalence 
S:d- Mod(7^i^(X)) ^ Strat('Hii-(X)), with quasi inverse D. □ 



4. Generalized S-difference equations 

4.1 Generalized S-algebras and generalized S-modules 

4.1.1 Generalized Tj-algehras. A generalized a-algebra is a ring B together with a collection of 
pairs of ring morphisms 

{B=:B,Us, (4.1) 
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where {Bo-jo-es is a family of rings. 

4.1.2 Ti-constants. We denote by the subring of B of elements 6 G B verifying a{h) = i^ib), 
for all o" S S. We call its elements T,-constants of B or equivalently T,-invariant elements. 

4.1.3 Generalized T,-modules. A generalized Ti-module is a finite free B-module M together with 
the data of a collection of isomorphisms 

{ ■■ a*M ^ CM }.gs , (4.2) 



where cr*M and i*M denote the scalar extension of M to Bo- via a and v respectively. A morphism 
between two generalized S-modules is a B-linear map a € HomB(M, N) satisfying i'^ia) o = 
o a* (a), for all o" E S, as expressed by the following diagram: 



a*M- 



CM 



a* (a) 







■CN 



(4.3) 



We denote by Homg(M, N) the set of morphisms, it is canonically a B^-module. The category 
of generalized S-modules will be denoted by S — Mod(B). This is a tensor category. The unit object 
is Ib := (B,(T^), with cr^ = Mb^, where we identify B •S'b.o- Bg- and B i^b.^^ Bo- with Bg-. The ring 
of endomorphisms of the unit object is then canonically identified with B^. The internal is given 
by (M ®B N,c7^®^), with a^^^ defined by 

^M0N ^ ^ ^N ^ (4 4) 



where we identify (M C^b N) (d)B,* Bo- with (M ^b,* B^) ^b^ (N i^b,* Bo), where * denotes a or v- 



Remark 4.1. If S is reduced to a single element a, and if B = Bo, and ia = Id, then we obtain the 
classical definition of cr-modules. 

4.1.4 Matrix of a^. If e := {ei, . . . , e„} C M is a basis of M, the operator is given by its 
values on e (g) 1. If a^{ei 1) = ^^"=1 ao,i,j(ej ® 1) we call Afj := (ao-,ij)ij=i,...,n G GLn(Ba) the 
matrix of in the basis e. 



4.2 Solutions (formal definition) 

By analogy with the differential setting, we shall define now the notion of solution of a generalized 
S-module. 

a 

4.2.1 Extension of generalized T^-algebras. Let T,' be a family of morphisms, and let {B ] B' , }o'gs' 
be a generalized S -algebra. Assume given a surjective map ^ : H — > S. Assume moreover that 
B' is a B-algebra with structural morphism j : B ^ B', and assume given, for all a' E S', a ring 
morphism Ao' : B^^(o./) B^-' making B^-' a B^^^/^-algebra. We say that the data of 

( B' ^ B'^, , i , Ao' )o'eS' (4.5) 
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is an extension of generalized E-algebras if the following diagrams commute for all a' G E': 



B' — B' 



B' 



B' 



(4.6) 







A./ 



B 



B„ 



© 



B 



B„ 



where a 



4.2.2 Pull hack. With the above notations let M G S - Mod(B). The B'-module j*M := M(8)bj 
B' is a S'-module in a canonical way by setting (o"')-'*^ := j*, (o"'^) = <^Bct,a^/ Wb',) with 
a = ^{a'), where {a')*j*M (resp. i^,j*M) is canonically identified with A*,cr*M (resp. A*,i*M). If 

= {acr^ij)ij G GL„(Bo-) is the matrix of in a fixed basis e C M (cf. Section 4.1.4), then the 
matrix of {cr'y ^ in the basis e 1 is given by 

:= A„,{A^) = {A^>{a„^ij))ij £GLn(B'^>) . (4.7) 

If a : M ^ N is a morphism in S — Mod(B), then j*a : j*M j*N commutes with S' and lies 
hence in S' - Mod(B'). 

The definition of the scalar extension functor depends highly on the chosen family A := 
{Ao-'}cr'eE') so we denote it by 

j*^ : S - Mod(B) > S' - Mod(B') . (4.8) 

4.2.3 Solutions. Let M G 5] — Mod(B). A solution of M with values in B' is a B-linear map 
a : M — B' satisfying {a')* a (8) 1 = i*/(a <8> 1) o A*,(j^, for all a' G S', as expressed by the following 
commutative diagram: 



a;,o-*m. 



{a')*j*M — (ct')*(B' 



B' 



(4.9) 







■C'(B') 



B' 



where a = S^(a'\ If Ib denotes the unit object, then the set of solutions is canonically identified 
with Homg, (j^M, Ib')- The solutions of M with values in B' are hence naturally a (B')^ -module. 



4.2.4 Matrix notation. Fix a cr' G S', and let a = ^{a'). If A^^ denotes the matrix of in 
the basis e = {ei,...,e„} C M, then the vector I j ) G (B')", defined by := a(ej), verifies 

■ 1 = Aa-' • ( • ), where Aa-' = Ao-'(^o-) S GLn(B^'). By abuse of notation, we will say 
that M is defined in the basis e by the family of Y^- difference equations 



a{Y) = A^-i,iY), C7GS. 



(4.10) 



4.3 Stratifications as generalized S-difference equations 

We introduce the following algebra 

Ak{A^) := Uo<R^rx-^K{r{X,R)) . 



(4.11) 
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4.3.1 The category Strat(7^/^(X)) can be understood as a category of generalized S-difference 
equations, with B := Hk{X), Bq- := Ak{^^), Sstrat := W ■= pi : Hk{X) Ak{^^)} is reduced 
to the single element induced by the first projection pi : X x X ^ X, and = P2 is induced by 
the second projection. 



4.3.2 We consider now on B' := Ak{^^) the Sstrat-algebra structure given by Sc 



Strat 



-^Strat) 



Msstrat' ^'a '■= ■^Ki^'^), cr = Id_4^(^t), and i^^ := Tw : Axi'^^) ^ Axi^^), where Tw is the 
twist map f{x,y) ^ f{y,x). 

Then {Ak{^^), c := Id, := Tw) is canonically a generalized Sstrat-algebra over {TCk{X), Sstrat) 
via the morphisms j = Pi HkIX) — > Ak{^^) and A^- := Id: 



Ak{A^)^Ak{A^) 



pi 







Id 



pi 



Tw 



© 



Ak{A^) 



(4.12) 



Id 



nK{X)—^AK{A^) 



Remark 4.2. We could consider another generalized Sstrat-algebra structure on Ak{A^) given by 
a := Tw, V := Id, j := p2, A^- := Id_4^^,(-^t)- One sees easily that {AK{A^),a := Id, v := Tw) and 
(^i^- ( A'l"), cr := Tw, V := Id) are canonically isomorphic as (T^i^-, Sstrat)-algebras. 



4.3.3 Analytic cocycles as solutions of generalized Tj^t^^t- equations. It is clear that every ele- 
mentary stratification (M, xm) is trivialized by the generalized Sstrat- algebra {AKiA'^), o" = Id, v = 
Tw). Namely if (M, xm) is an elementary stratification, and if y) € GL„(^^(T(X, R))) is its co- 
cycle in a basis. Then Y{x, y) is a complete basis of solutions of M with values in B' := Ak{T{X, R)). 



5. Deformation functor 

In this section we will define the E-deformation functor for a class of automorphisms of X called 
infinitesimal. 

5.1 Infinitesimal automorphisms of T-Lk{X) 

Let X be an affinoid and let cj : X ^ X be an automorphism. We denote again by a the induced 
continuous automorphism of 7^i^(X), one has ct(/(T)) := f{a{T)). For a complete field and 
for a point y S X{Q), if there exists R ^ py^x such that, for all x G D~(7/, Py^x) one has 

\a{x)-x\n < R Px,x {= Py,x) , (5.1) 

then the action of a extends uniquely to a continuous endomorphism of Aniy,R)- We are hence 
interested to find solutions of equations of the form (4.10) with values in Aniy,R)- We will call 
these solution Taylor solutions (at y) of the equation (4.10). We set 

6^{T) := a{T)-T. (5.2) 

Definition 5.1. We call infinitesimal automorphism of fix {X) a ring automorphism a : TCk{X) 
T-Lk{X) satisfying: 

i) cj is a X-linear continuous automorphism of TixiX), 

ii) For all complete valued field 0, and all y G X{Q), a satisfies 

\Sa{y)\n < Py,X ■ (5.3) 
We denote by Gx the family of infinitesimal automorphisms of X. 
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Remark 5.2. i) The family &x is stable by composition. 

ii) Since W^^{X) is dense in we notice that condition i) of the above Definition implies 
a{f{T)) = f{a{T)) for all / G 

iii) By Sections 2.1 and 2.3, one sees that condition ii) is equivalent to ask that 

%{T% < p\,\^^x , for ah |.|, G ^(X) . (5.4) 

Lemma 5.3 (Infinitesimality condition). Let X := D+(co,i?o) ~ U"^;^D"(cj, i?i). Assume that a 
satisfies condition i) of Definition 5.1. The following conditions are equivalent: 

i) The condition (5.4) is verified for all element of ^{X) 

ii) The condition (5.4) is verified on the elements of its maximal Skeleton .5^x- More explicitly a 
is infinitesimal if and only if for all i = 1, . . . ,n one has (cf. section 2.5, and Prop. 2.12) 

Sa{\-\ci,p) < P, for all Ri ^ p ^ Ro . (5.5) 

iii) The condition (5.4) is verified for the critical points of the maximal Skeleton 5^x of.M{X\ 
More precisely a is infinitesimal if and only if 

\Sa{T)\cifii < Ri , for all i = 0, 1, . . . , n , {Shilov Boundary) 

< (5.6) 
[^^(r)!^; |c,-cj| < \ci -Cj\ , for all i,j = l,...,n,i^ j {Critical points) . 

Proof. Clearly i)=>ii)=>iii). Now ii) implies i) because for all |.|* G ^{X), there exists |.|** G -^x 
such that |.|,, ^ |.|*,,. Hence one has 5o-(M*) ^ ^o-d-j**), and by Lemma 2.6 one has also p\,\,^x = 
P\.\„,x- Now iii) implies ii) because by Proposition 2.12, the value of p\.\,^x have been explicited 
for all |.|* in the maximal Skeleton itis hence sufficient to apply Proposition 2.13, by the 
logarithmic properties of the function p i— > |(5o-(T)|ci,p for p G [Ri, Rq]. □ 

5.2 E-compatibility 

In this section we introduce the algebra of S-compatible functions which will be the key notion for 
the definition of the deformation functor. 

5.2.1 0-compatible functions. Let as usual X = D'^{co, Rq) — U"^;^D~(cj, i?j). Let f{x,y) be a 
convergent function on T{X, R), for some R > 0. 

Definition 5.4. Let 6 C TLk{X) be a family of functions on X. We say that f{x, y) is i3- compatible 
if for all complete valued field extension Vt/K, for all x G X{Vt), and for all g{x) G (S, one has 

\g{x)\n < Rad{f{x,y),\.\^) . (5.7) 

We denote by ^/^(0) the sub-algebra of IJjij^q ^/^(T(X, i?)) of ©-compatible functions. 

Proposition 5.5 (Compatibility condition). The function f{x,y) is <3-compatible if and only if 
one of the following equivalent conditions is fulfilled: 

i) For all g (3 one has 

\g{x)\^ < Rad{f{x,y),\.\^) , for aii |.|* G ^(X) . (5.8) 

ii) If ,5^x = Uf^]^{ |.|ci,p }pG[-R,,-Ro] '^^ maximal Skeleton of ^{X), then for all g ^ one has 

\g{T)\,^^p < Radifix,y),\.\c,,p), for aU e ^x ■ (5.9) 

iii) If ^x = { \-\c„R, }i=i,...,n U{ Mc„|c,-cjl }i,j=i,...,n is the set of critical points, then for aU g e (5 
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one has 



\g{T)\c,,R, < Rad{f{x,y),\.\c,,R,) 



for all 



0,...n 



^ \9{T)\c„\c,^c,\ < Rad{f{x,y),\.\c^^\c,^c,\), for all i,j = l,...n,ij^j 



(5.10) 



Proof. The first assertion is clearly equivalent to the compatibility condition (cf. Section 2.1), and 
the implications i)^=^ii)^=^iii) are clear. Assume then that condition (5.8) holds for every point of 
=5^x- If M* G >/#(X) there exists \.\^^ G satisfying |.|* ^ |.|**, then 



\gU ^ Ifl** , and Ray{f{x,y),\.\^) ^ Ray{f{x,y),\.\^^) 



(5.11) 



by Transfer principle (cf. Lemma 2.17). This proves the equivalence between i) and ii). The impli- 
cation iii)^=^ii) follows from Proposition 2.13 applied to the function g, and Proposition 2.18. The 
situation is expressed by the following log-graphic expressing (with the notations of Propositions 2.13 
and 2.18) the functions log (p) i-^ Rf{p) := \og{Rad{f{x,y),\.\c„p)/p) and log (p) i-^ log(|5r(r)jc,,p/p): 




\og(Rf{p)) 
log(l9|c.,p/p) 

This proves the Proposition. 



(5.12) 
□ 



5.2.2 The algebra ^_a:(S). Let S C &x be a family of infinitesimal operators on X. Let as 
usual X = D+(co,i?o) - U^=iD-(q, iij). We denote by Ak{^) the sub-algebra of Ak{/^'^) (cf. 
(4.11)) whose elements are 0-compatible functions, where 

:= { 5^{T) I (7 G S } . (5.13) 

The algebra ^i^(S) is canonically endowed with the morphisms pi^P2 ■ 'Hk{X) AxiJ^) induced 
by the two projections pi : X x X ^ X . The main proposition of this section is the following. 

Proposition 5.6. For alia e S, the morphism : Ak{^) T~Lk{X) sending a function f {x , y) i— > 
/(o"(x),x) is well defined. 

Proof. We have to show that if f{x, y) = X]„^o '^n{v){x — y)" G Ak{^)-, then the series of functions 
defining f{a{x),x) = a,^(x)(5(J(x)" converges and belongs to Hk{X). We need the following 

Lemma 5.7 (Reduction to tubular fi-admissibility). Let X be an afhnoid, and let a be an in- 
finitesimal automorphism of X. Let f{x,y) G Ak{c)- Then there exists an admissible covering 
X = Ur=o, ...,m^r, sucii that, for all r = 0, . . . ,m, one has 

\\6Jxr < Rad{f{x,y),Xr) , (5.14) 

where Rad{f{x,y),Xr) denotes the global radius of (the restriction of) f{x,y) on X^ (cf. Section 
2.7.1). In particular f{x,y) converges on a tubular neighborhood ofT{Xr,R) with \\5a\\xr < R- 

Proof. We preserve the notations of Proposition 5.5. We define firstly a covering of the maximal 
Skeleton r^x. For all fixed index i G {0, ...,n}, there exists a finite number of open intervals 
. . .,Ii^s such that [Ri,Ro] = ^h=i^hh (we are assuming that li^i = [Ri,ei[, and =]e-,i2o]), 
and having the following properties: 
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i) For all = 1, . . . ,ki, there exists Ri^h > such that |(5(j|ci,p < Ri.h < RcLd{f{x,y), \-\ci,p), for 
all p € li^h] 

ii) None of the borders of li^h is a critical point, and every h contains at most a single critical 
point; 

iii) Let |.|* be a critical point, let li-^^sx, ■ ■ ■ ■,Iiq,Sq be the intervals passing through |.|*, and let 

C be the (non disjoint) union of Ijj^s^, /jj^sj, . . . , hq^sq in (cf. picture after Def. 
2.8). Then we assume that h^^sn • • • ) hq,sq are sufficiently small to guarantee the existence of 
a number R> such that \5a\** < R < Rad{f{x,y), |.|**), for all |.|*^, belonging to o$^(|.|*). 

The existence of such a covering of J/'x follows immediately from Proposition 5.5. 

Now define Zi^h := C{ci, I^^J Ci X, where I^f^ denotes the closure of li h.. The maximal Skeleton 
of the affinoid Zi^h is a piece of the maximal Skeleton of X because we have not added any new 
holes, we have simply enlarged the holes of X (cf. section 2.5). We define then the family {Xr}r as 
follows. 

If li^h does not contain any critical point, then we include Zj /j into the family {Xr}r- Notice that 
in this case Zi^h coincides with annulus C{ci,I^^ which is contained in X. Moreover its maximal 
Skeleton is reduced to the interval I^^^. In particular, by the property i), Zj /j satisfies the property 
(5.14), because of Proposition 5.5. It remains to "cover" the critical points. With the above notations, 
for all critical point |.|,, we include in the family {Xr}r the sub-affinoid X(|.|^.) := Zi^^^i H- • -C^Zi^^hq- 
It is clear that now the family {X^jr is an admissible covering of X, and that the maximal Skeleton 
of X(|.|^,) is given by o5^(|.|^,). By Proposition 5.5, the sub-affinoid X(|.|^,) so defined verifies (5.14) 
because of the assumption iii). □ 

Continuation of the proof of Proposition 5.6 : We claim that, if f{x,y) = X]n>o ~ 
y)", then the series of functions Aaf{x) := X^^^g converges on X because of the 

(T-compatibility property of f{x,y). Indeed, by Lemma 5.7, we are reduced to check the con- 
vergence on every single affinoid Xr of the covering. But Xr has the property that ||(5cr||x,. < 
Rad{f{x,y),Xr), so lim„, ||a„(5^||xr ^ lim„ ||a„||xJ|5CT||xr = since f{x,y) converges on T{Xr,R), 
with R = Rad{f{x,y),Xr) (cf. (2.40)). Hence the matrix Ao-/(x) has coefficients in Hk{X). □ 

5.3 The Deformation functor 

The aim of this section is to define the S-deformation of a differential module as the pull-back (in 
the sense of section 4.2.2) of its elementary stratification via the morphism Ag- : Ak{'^) 'Hk{X). 

5.3.1 Analytic Cocycles as solutions of a -difference equations By section 3.1 the Taylor solution 
of a differential equation is an analytic cocycle, and reciprocally (cf. Proposition 3.5). The aim of this 
sub-section is to prove that every S-compatible analytic cocycle is solution of an unique cj-difference 
equation, for all o" G S. 

Corollary 5.8. Let S C &x be a family of infinitesimal automorphisms of Hk{X). Let Y{x,y) 
be a K-rational analytic cocycle. IfY(x,y) is 'S-compatible, then, for all a gT,, Y(x,y) is solution 
of a unique a-difference equation with coefficients in 7iK{X) of the type 

Y{a{x),y) = A^{x) ■ Y{x, y) , A„{x) G GL„(?ix(^)) • (5.15) 

Proof. By the properties of the cocycles one has Y[a{x),y) ■ Y{x,y)~^ = Y{a{x),y) ■ Y{y,x) = 
Y{a{x),x). Now the matrix 

A„{x) := Y{a{x),x) (5.16) 
converges on X by proposition 5.6. Since Y{x, y) is invertible so does A^{x). In particular Afj{x)~'^ = 
Y{x,a{x)) = X]„ G„,((j(x))(— (5o-(a;))"- By construction, Y{x,y) satisfies equation (5.15). □ 



26 



Infinitesimal deformation of ultrametric differential equations 



5.3.2 Y^- compatible differential equations and Taylor admissible Y^-modules. Let S C iSx be a 
family of infinitesimal operators of Tixi^)- We denote by 

Mod(?t:i^(X))^<^"^(^) 



d 



(resp. S - Mod{nK{X)) 



adm 



(5.17) 



the full subcategory of d — Mod(7^/^(X)) (resp. S — Mod(7^/^(X))) whose objects admit a S- 
compatible analytic cocycle as solution (cf. Corollary 5.8). We call the objects of d—Mod{TlK{X))^'^^^^^^ 
T,-admissible differential equations, and call Taylor admissible Ti-modules the objects in u— Mod(7^x(^)) 

By the properties of analytic cocycles one verifies that d-Mod{nKiX))^'^^^^\ S-Mod(7^i^(X))''<^"^ 
categories (cf. lemma 3.11). 



are 



5.3.3 Definition of the deformation functor. Let X be an affinoid. Let S C &x be a family of 
infinitesimal automorphisms. 

We consider {TCk{X),T,) as a generalized S-algebra (where i^ = Id-^^(x), for all a € S). 
We consider also the Sgtrat" 

algebra structure on TixiX) introduced in section 4.3.1. The category 
d - Mod(7^ft:(X))^'i°^(^) is then the fully faithful sub-category of d - Mod(Wx(X)) formed by 
differential equations whose stratifications lies over AkC^) (i-e. whose Taylor solution belongs to 

We then observe that {TCk{X), S) admits a natural structure of Sstrat-algebra over {Hk{X), Sstrat) 
induced by the family of morphisms {Aq- : AkC^) ^ 'Hk{X)}(t£'e- Namely, with the notation of 
section 4.2.2, for all cr G S, one has j := ldf(^(^x)> and Ao-{f{x,y)) := f{a{x),x) (cf. Proposition 
5.6) as exposed by the following diagrams: 



■HKiX) 



HxiX) 



Id 



■nxix) 



(5.18) 



Id 



HxiX) 



pi 



Id 



AKiTiX,R)) 



P2 



■Ak{T{X,R)) 



Here the projection =^ : S — > Sstrat = {pi} is the evident map sending every a into pi. We define 
then the functor 



Defs : d-Mod{rLK{X)) 



S - Mod{rLK{X)) 



(5.19) 



as the composite 



Defs := Ma o S , (5.20) 

where S : d — Mod(7ii^(X)) Strat(7^i<-(X)) is the equivalence defined in section 3.4, and Id^ is 
the pull back functor defined in section 4.2.2. 



5.3.4 We notice that 



i) The underling 7Y/^(X)-module of Defs(M) is equal to M; 

ii) Defs is the identity on the morphisms: Defs(a) = a, for all a : (M, V^) (N, V'^). In 
particular Defs is a faithful functor (see also Theorem 5.18 for the fully faithfulness). 

iii) One has Def(M,V^) = { : a*M ^ i%M j^gs, with = A*(xm) (cf. (3.12)), for ah 
cr G S. In particular if M is represented, in the basis e C M, by the equation Y' = G{z)Y , and 
if Y{x, y) denotes the regular cocycle in this basis, then the matrix of in the same basis 
e C M is given by (cf. section 5.3.1) 

A^{x) := Y{a{x),x) G GLn{nK{X)) , for ah cr G E . (5.21) 
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5.4 Fully faithfulness and non degeneracy 

In this section we discuss the fully faithfulness of the Deformation functor. For this we need the 
notion of non degenerate (families of infinitesimal) automorphisms. 

5.4.1 Non degenerate families of automorphisms of TixiX). 

Definition 5.9. Let Q./K be an extension of complete valued fields. Let a be an infinitesimal 
automorphism of X, and let y G X{^) be a fi-rational point. We set 

Py,x{<y) '■= inf( p such that p ^ Py,x-, and T)~{y,p) is invariant under a ) . (5.22) 

Lemma 5.10. The following holds: 

i) Py,x{(y) < Py,X- 

ii) /0j/,x(<7) = inf(/3 < py^x such that \6a\y^p < p). 

iii) Every disk D^(y, R) with Py^xic^) < R ^ Py,x is invariant under a. 

iv) If y is fixed by a, then Py^x{(^) = 0. 

v) If, for all Vt/K, a has no Q-rational fixed points in T)~ {y, py^x) O-^- if h^s no zeros in 
^~{y,Py,x), cf. Section 2.2.1), then Py,x{cr) = \Sa{y)\n- 

Proof. Let R ^ Py,x- Since a{x) — y = 6a{x) + x — y, one sees that D~{y,R) is invariant under a 
if and only if |5(7(a^)| < R for all |x — y| < R. In other words D~{y,R) is invariant if and only if 
sup|2,„j^l^^ l'5(T(a;)| < R- By section 2.2.1 this means |5o-|j/,_R < ^- □ 

Definition 5.11. Let S C (3x be a family of infinitesimal automorphisms of X. We will say that 
S is a non degenerate family of automorphisms of TCkIX), if there exists a valued field extension 
Q,/K, and an fi-rational point yo ^ X{Vt) such that, for all R satisfying Py^^^xi^^) < R ^ Pyo,^^ 
all fj G S, one has 

An{yo,Rf = ^, (5.23) 
where An{yo, R)^ denotes as usual the sub-ring formed by the functions fixed by every element of 
S. We will say that yo is a base point for S. 

Remark 5.12. i) If S is non degenerate, then TIk{X)^ = K. Indeed the morphism HkIX) — ^ 
Aniyo, R) is injective, hence Hk{X)^ = Aa{yo, Rf n TiKiX) = nn 'Hk{X) = K. 
ii) If S is non degenerate and if S C S', then S' is non degenerate. 

Lemma 5.13 (Criterion of non degeneracy). Let S C <Bx he a family of infinitesimal automorphisms 
of X . Assume that there exists a Berkovich point | . |* € ^{X) such that € M belongs to the closure 
(in M^oJ of the set {|(5o-n |*}o-gs^n^i — {0}. Then the family T, is non degenerate. 

Proof. Let t^ G X{^1) be a Dwork generic point for |.|^,, and let R be such that pt^^^xic) < R ^ pt.^,x, 
for ah cj E S. If / € An{t^,R) is fixed by S, then \f{t^)\ = |/(c7"(t*))| for all n ^ and ah 
cj € S. By assumption there exists sequences {nm}m and {crm}m such that cr'^{t^) tends to and 
""rrTC^*) / '^m™'(**)' -^^^ 7^ function g{T) := /(T) — /(t*) has infinitely many zeros 

tending to t*. So g{T) = 0, and / is constant. □ 

Lemma 5.14 (Uniqueness of the cocycle) . Let S C <3x be a non degenerate family of automorphisms 
ofX. Let {o"(y) = Ao-(r) -yjo-gE be a family of a-difference equations. If there exists a Ti-compatible 
analytic cocycle Y{x,y) which is simultaneously solution of every equation of this family, then this 
cocycle is unique. 

Proof. Let yo E X{i}) be a base point for S. Assume that 11(3;, y), Y2{x, y) are both solution of the 
same family equation {(t{Y) = ^o-^jo-eE- For all o" E S one has Yi{a{x),y)~^ = Yi{x,y)~^ A~^ , 
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hence F{a{x),y) = F{x, y), where F{x, y) = Yi{x, y)^^Y2{x, y). Since AQ,{yQ, Kf" = 0, the function 
F{x,yo) G GLn{An{yo, R)) belongs to GLn{^), and moreover for x = y^ one has F{yQ,yo) = Id. So 
F{x,yo) = Id i.e. Yi(a;,yo) = Y2{x,yo). By Lemma 3.8 one has Yi{x,y) = Y2{x,y). □ 

Lemma 5.15. The analogous of Lemma 3.9 holds for T,-modules (providing that T, C ©x and that 
the analytic cocycle Y{x,y) is T,-compatible) □ 

5.4.2 Fully faithfulness of the deformation functor. 
Definition 5.16. We define 

(d, E) - ModiHKiX))'^'^ (5.24) 
as the category of triplets (M, V^, {(J^Io-ge) in which 

i) (M, V^) and (M, {a^jass) belong to d - Mod(HK(^))^'^°'^^^ and S - Mod(7^K(X))^dm ^g. 
spectively, 

ii) (M, V^) and (M, {(7^}o-gs) admit, in a given basis (and hence in every basis), the same S- 
compatible analytic cocycle Y{x,y) as solution. 

In other words, for all o" € S, the automorphism is deduced by cr-Deformation from V^. 
Morphisms a : (M, V^^, {(T^}o-ge) (N, V^, {fj^lo-gs) are 7Yx(-'^)-linear maps commuting with 
the actions of V and a, for all o" G S. 

Consider now the following functors: 

C^-Mod(7^i^(X))^^'"(^) ^For^ ((i,S)-Mod(?^i^(X))^'l'^(^) Forge^ S - Mod(7^i^ (X))^^'" , 

(5.25) 

The above sections prove that the forgetful functor Forget E is an equivalence. We are interested to 
the functor Forget V. For this assume that S is non degenerate, and let yQ £ X{Q) be a base point of 
E. Let > be a real number satisfying Py^icr) < mm{Rad(YM{x,y),yo), Rad(Yf^{x,y),yo)), 
where Im and In are the cocycles attached to M and N respectively. Denote by My^ := M <8)7^^(x) 
Axiyo, R), := ®'^^(^x)AKiyo, R)- We have then the following inclusions 

Hom^^(^)(M,N) = HomJ^(^^ ,j)(M,„,N,J n Hom^^(^)(M, N) , (5.26) 

Hom^^(^)(M,N) = Hom5^(^^ ,j)(M^„,Nj,J n Hom^^(x)(M, N) . (5.27) 

To prove the fully faithfulness it is hence enough to prove that the inclusion 

Hom^^(^^^^)(M^„,N,J C Hom5^(^^^^)(M,„,N,J (5.28) 

is an equality. 

Lemma 5.17. Assume that (M, V^) G li- Mod(HE'(X))^<^"^(^). Let Y{x,y) be the cocycle attached 
to (M, V^) in the basis e. For all o" G E, let be the a-semilinear operator on M deduced by 
Deformation from V^. Then, for all complete valued field Q/K, and all yo G X{Q), and all R > 
satisfying Py^x{(^) < R ^ Rad{Y{x,y),yQ) for all o" G E, there exists a basis of My^ in which all 
the operators V^^o and { o-^^'o are simultaneously trivial (i.e. equal to direct sum of the unit 
object). 

Proof. By construction Y{x,y) is also the analytic cocycle attached to (M, cr^). Since Y(x,y) is 
assumed to be E-compatible, then D^{yQ,R) is invariant under the action of every cr G E (cf. 
Lemma 5.10). The matrix Y{x, yo) G GLn(AK{yo, R)) is a simultaneous solution of (My^, V'^^o ) and 
(Myg, cj'^s'o ) with values in AKiyoi R), in the basis 1 C M^^. Hence in the basis Y{x, yo)~^ ■ (e® 1) 
the new solution of (Mj^^ , V'^^'o ) and (Mj^g,o"^^o) is the identity (cf. Lemma 3.9). They are hence 
all trivial in this basis. □ 
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The above inclusion (5.28) become hence 

= HomX,(^^^^)(M,„,N,J C HomS^(^^^^)(M,„,N,J = {Aniyo^Rfr"" ■ (5.29) 

Now since the family S is non degenrate, one has An{yo, R)^ = ^ and equality holds. This proves 
that the functor Forget V is an equivalence in this case. We summarize the previous facts in the 
following 

Theorem 5.18. Assume that T, is a family of inEnitesimal automorphisms of ?iK{X). Then: 

i) The functor 

Forget E : {d, E) - Mod(?^x(^))^'^'" ^d- Mod{HK{X))'^"'^^^ (5.30) 
is an equivalence, in particular there exists a deformation functor 

Defs := {Forget V) o {Forget E)-^ : d - Mod{nK{X))'"^''^^^^ — > E - Mod(Wi^(X))^'^'" , 

(5.31) 

which is faithful. 

ii) If E is non degenerate, then the functor 

Forget V : {d, E) - Mod{nK{X))^'^'" ^ E - Mod(7^/^(X))^^'" (5.32) 
is an equivalence. In this case the T,-Deformation functor is an equivalence too. □ 

5.5 The case of 7^J^,(X) 

We preserve the notation of Section 1.2. An infinitesimal automorphism of TCk{Xs) extends uniquely 
to an infinitesimal automorphism of every 7iK{X^'), for all ^ e' < e. In particular a defines an 
automorphism of 7iK{X) and Ti}^{X), whose action on ^^{X) is infinitesimal. Reciprocally if an 
infinitesimal automorphism a of 'Hk{X) stabilizes TLk{Xi;) C T-Lk{X), then there exists < e' < e 
such that a acts infinitesimally on ^.^{X^i). This results easily by the continuity properties of the 
function |.|^, i-^ (cf. Propositions 2.13 and 5.3). 

Definition 5.19. An automorphism of Ti}^{X) is called infinitesimal if it comes from an automor- 
phism of TCk{Xs) for some e > as above, and if it is infinitesimal on 'Hk{X). 

If E is a family of infinitesimal automorphisms of 7{j^{X), we denote by Eg the sub-family of E 
acting infinitesimally on TCK{Xe)- For e > e' > one has E^ C E^/, and E = UgEg. 

The family E of automorphisms of 7^|^ will be called non degenerate if for all e > there exists 
< e' < e such that E^/ is non degenerate on Hk{Xi;'). 

An analytic cocycle over 7i\^{X) is defined as a cocycle over X^, for some e > 0. 

Lemma 5.20. An analytic cocycle over X^ is T,-compatible over X if and only if it is T^-compatihle 
over X^i, for some < e' < e. 

Proof. This results by Propositions 2.13, 5.3, and 5.5. Indeed, by the continuity of Rad{Y{x,y), — ) 
and of Sa{—), and by their log-properties the condition ^^Rad{Y{x,y), |.|*) < ^o-d-l*), for all |.|* € 
^(X)", extends to some Xgr. □ 

Remark 5.21. Notice that in general there is no e > such that Y{x,y) is c-compatible for all 
o" € E. Indeed e will depends on the single a. 

One defines the categories (^-Mod(7^J^(X))'^'l™(^), {d, E)-Mod(?^yX))^dm^ E-Mod(7^J^(X))^dr 
as the inductive limit of the same categories over X^. For a more detailed description of these objects 
the reader can imitate the description given in section 6.1 in the case of the Robba ring TZk- One 
has the following 
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Theorem 5.22. Theorem 5.18 holds without changes replacing 7iK{X) with hI^{X). □ 
5.6 The case of an open annulus 

To simplify the notations we assume the center of the annulus to be equal to 0. Let I C M^g be an 
interval. We recall that if J is a compact interval, then Ak{J) = 7iK{C{J)). Moreover for all / one 
has 

Ak{I) = lim nK{C{J)) . (5.33) 

JQI 
J compact 

In this section we extend the previous equivalence to the case of a not necessarily closed annulus. 

We define analytic cocycles on C{I) as two variable analytic functions whose restriction to 
C(J) X C(J) is an analytic cocycle for all compact J C I. The functions ,c(J)) Rad{Y{x,y), |.|*), 
<^o-(M*), defined for all J I, glue to give functions on C{I). Notice that for all /) € / one has: 

r sup(/) if G / (disk) 
^l-lp.C(/) - I p if ^ / (annulus) . ^^'"^^^ 

If J is compact, the family =y = is an exhaustive family for the Berkovich analytic space 

^{C{J)). Hence infinitesimality condition of Lemma 5.3 becomes 

< {^"''^ lll'j^ fa all,. J. (5.35) 

If ^ /, this condition implies that infinitesimal automorphisms a of Ak{J)^ have the property 
that, for all compact J' C J, a acts on Ak{J') and this action is infinitesimal. 

If / C M>o is now an arbitrary interval, we say that a : Ak{I) — > Ak{I) is infinitesimal if it 
acts infinitesimally on every compact sub-annulus AxiJ) Q Axil)- We say moreover that a family 
S is non degenerate over Ak{I) if its restriction to some compact J is non degenerate. The above 
discussion proves the following 

Lemma 5.23. Assume that 0^1. Let o : AxiJ^ AxiJ^ be a K-hnear continuous automorphism 
of the form a{f{T)) = f{a{T)). Then a is infinitesimal on Ak{I) if and only if it verifies 6a{\-\p) < p, 
for all pel. □ 

We say that a cocycle Y{x,y) is S-compatible over C{I) if and only if its restriction to every 
C{J), with J Q I compact, is S-compatible. 

5.6.1 The categories d - Mod(^x(i'))'''^™^^^ and E - Mod{AK{I))'^'^ ■ We define 

d-Mod(^i^(/))^'^'^(^) := lim d-Mod{nK{C{J)))'^'^'^'^\ (5.36) 

jc/ 

J compact 

^-Mod{AK{I))'^'^ = lim T.-Mod{rLK{C{J)))'^'^ , (5.37) 

JC/ 
J compact 

{d,T,)-Mod{AK{I))'^'^ = lim {d,i:)-Mod{nK{C{J))T^'" . (5.38) 

JC7 
J compact 

In other wor ds d - Mod(^it(/))^'^™(^) is the fuh subcategory of d - Mod(^x(^)) whose objects 
(M, V'^) satisfy the property that for all compact J Q I the restriction of (M, V'^) to J belongs 
to d- Mod(Wft:(C(J)))^<^™(^). The same definition is given for S - Mod{AK{I)T'^'^ , and (d, S) - 
MoA{Ak{I))'-^'''- 
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Lemma 5.24. Let Y(x,y) be a cocycle on C{I). Let a he an infinitesinial automorphism of Ak{I)- 
Then Y{x, y) is cr-compatible if and only if 6a{\-\p) < Rad{Y{x, y), p), for all p € L 

■log(/(p)/p) 

log( i nf(/)) log(sup(J)) 



log{Rad{Y{x,y),p)/p) 



log{5<,(|.|p)/p) 



Proof. See Proposition 5.5. 




log(p) 



(5.39) 
□ 



Remark 5.25. Since p i— > Rad{Y (x , y) , p) is log-concave, and p Sai\-\p) is log-convex, then it is 
enough to check the condition \5a\p < Rad(Y (x , y) , p) for p close to sup(/) and inf(/). 

Remark 5.26. Notice that, if / is not compact, the uniform neighborhood U on which Y{x,y) 
converges, does not contain necessarily a subset of the form T(C(/), i2) = { {x,y) € C{I)xC{I) \ \x — 
y\ < R}. This is however true for the restriction of Y(x,y) to every compact J C /. 



We then have the following: 
Theorem 5.27. Theorem 5.18 holds without changes replacing TixiX) with Axil)- 



□ 



6. fj-modules and Differential equations over the Robba ring 

By definition one has TZk = Ue>o -^^^ (] ~ ![)• To simplify the notations we set 

I,:=]l-e,l[ (6.1) 

Let a : Axile) ~^ Axile) be an infinitesimal automorphism. Since a acts (infinitesimally) on every 
sub annulus Igi, with e' < e, then it acts on TZk- We say that an automorphism a : TZk TIr is 
infinitesimal if there exists an e > and an infinitesimal automorphism erg of ^a'(]1 — e, 1[), such 
that a is induced by a^, as above. 

Let S C <Bx be a family of infinitesimal automorphisms of TZr. Every element of T, lives over 
an annulus AKiIe)j we denote by the set of automorphisms in S which live over and acts 
infinitesimally over AK{Ie)- For e > e' one has C S^/, and S = UeSg. 

We say that the family S is non degenerate over TZk if for all e > there exists < e' < e such 
that S^/ is non degenerate on Axile')- 

An analytic cocycle over TZk is a germ of analytic cocycle, i.e. an analytic cocycle over some 
unspecified Ig. 

6.1 Deformation equivalence over the Robba ring 

Let S = {(Ta}aga be a family of infinitesimal automorphisms of TZk- The categories 

d - Mod(7^x)^'^°'^^^ , S - ModiTZK)'^''' , {d, S) - Mod(7^/^)^^'^ (6.2) 

are defined as the inductive limit of the categories d-Mod{AK{Ie)T'^^''^'K - Mod(^A-(4))''*^™, 
and (d, Se) — Mod{AK {le))^'^'^ respectively. In other words: 

i) An T^x-differential module belongs to d — Mod(7^x)'^'^™^^^ if there exists e' > such that for 
all < e < e', M comes by scalar extension from a S^-compatible differential module over 

AK{Ie). 
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ii) A E-module (M, {a^jaeT:) belongs to S - Mod(7^K)'''^"^ if there exists a e' > such that, for 
all < e < e', its restriction (M, {cr'^}o-GSe) to comes by scalar extension from a Taylor 
admissible S^-module over AKile)- 

iii) A {d, S)-module (M, V^, {ct^Iaga) belongs to {d, S) - Mod(7^i^)^'^'^ if there exists e' > such 
that, for all < e < e', its restriction (M, V^, {(7^}aGT:e) to comes by scalar extension from 
an admissible (fi, S£)-module over AKih)- 

As usual morphisms in d — Mod(7?.;^)^'^™^^^ are 7?.ft:-linear maps commuting with the connections, 
morphisms in S — Mod(7^i^)^*^™ are T^^-linear maps commuting with the action of S, and mor- 
phisms in (d, S) — Mod(7^i^)^'^™ are T^j^-linear maps commuting with the action of S and with the 
connections. 

Theorem 6.1. Theorem 5.18 holds without changes replacing TixiX) with TZk- n 
6.2 Solvability, slopes and p-adic irregularities 

Unless precise mention, from now on until the end of section 6 we will assume that E is a non 
degenerate family of infinitesimal automorphisms of TZk- In this subsection we assume that K has 
mixed characteristic (0,p). 

We say that a cocycle Y{x,y) over TZk is solvable if one has 

lim Rad{ Y{x,y) , p) = 1 . (6.3) 

We denote by (i-Mod(7^A')W, d-Mod(7^i^)W'^'^'^(^), (d, S) -Mod(7^i^)W''^'^'^, S-Mod(7^i^)W''^'^'" 
the fun subcategories of d-Mod(7^K), d-Mod{TZKT'^'^^^K (d, S) -Mod(7^K)^'^'", S-Mod(7^ir)'^'i" 
respectively formed by objects admitting a solvable cocycle as solution. On shows (cf. [CM02]) that, 
if Y{x,y) is solvable over TZk, then there exists an e > such that, for all p G I^, one has 
Ray{Y{x, y), p) = p^, for some 0^0. The number /3 — 1 is called the p-adic Slope of the differential 
equation associated to the cocycle: 

Slope(M,V^) := /3 - 1 . (6.4) 

This definition clearly depends only on Y{x,y) so we may speak oi p-adic Slope ofY{x,y). This 
permits to define in an evident way a notion of p-adic Slope of an admissible S-module, providing 
that its S-admissible cocycle is solvable. G.Christol and Z.Mebkhout proved that every solvable 
differential equation admits a so called break decomposition following the slopes. We summarize 
the main properties in the following theorem. 

Theorem 6.2 ([CM02]). Let M he a solvable differential module over TZk- There exists a unique 
decomposition of M, called break decomposition 

M = e^giR^,M(rE) , (6.5) 

satisfying the following properties. Let tp be a Dwork generic point for the norm \ ■ \p, then there 
exists e > such that 

i) For all p e]l — e, 1[, M{x) is the biggest submodule of M trivialized by AK{tp, p^^^), 

ii) For all p — e,l[, and for all y < x, M{x) has no solutions in AKitp, p^^^)- 

The number Irr(M) := X]2,>qX • ranic7^j^(M(x)) is called p-adic irregularity of M, and it lies in N. 

Since the slope is defined in term of analytic cocycle, and since the Deformation equivalence 
preserves the Taylor solutions, it is clear that such a result holds for Taylor admissible S-modules. 
We resume these consideration in the following proposition: 
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Proposition 6.3. Let E be a non degenerate family of infinitesimal automorphisms ofTZx- There 
exists a notion of p-adic Slope and p-adic Irregularity of an object M in S — Mod(7^i^)[^l''^'^™. The 
Deformation functor preserves this notion. More precisely let M be a solvable admissible T^-module 
over TZk- There exists a unique decomposition of M, called break decomposition 

M = e^gR^„M(x) , (6.6) 

satisfying the following properties: there exists > such that for all e > em one has 

i) For all p e]l — e, 1[, M{x) is the biggest submodule of M trivialized by Axitp, p^^^), 

ii) For all p e]l — e, 1[, and for all y < x, M{x) has no solutions in Axitp, p^^^)- 

The number Irr(M) := ^^.>q x ■ rankTi^ (M(x)) is called p-adic irregularity of M, and it lies in N. □ 

Let * denotes one of the symbols ^ or <, in the sequel we will denote by d — Mod(7^x)^'*'^, d — 
Mod(7^x)^<i™(^)'Sl*/^, S-Mod(7ex)^^'"'Si*/^ thefuU sub categories of (^-Mod(7^/^), d-Mod(7^i^)'^d'^(^), 
E — Mod(7^i^)'^'^™ respectively, whose objects have a p-adic Slope which is * than /3. 



6.3 Frobenius functor 

Let (pK : K —f K he a lifting of the pth power map of the residual field k. We denote by cf) : TZk — T^K 
a chosen lifting of the Frobenius x ^ x^ of k{{t)) extending (I)k, that is (t){f{x)) := where 
f^^ is the power series deduced from / by applying (pK to its coefficients, and where (t){x) verifies 
\(j){x) — x'P\p < p for all p sufficiently close to 1. The map (f) sends AkOt, 1[) into AxiV^^, ![)• 

We define now an endo-functor (p* of the above categories of solvable objects called Frobenius 
functor. We recall that an analytic cocycle over TZk is a germ of analytic cocycle Y{x, y) over some 
Axijr, 1[), < r < 1. We define the pull-back of Y{x,y) as 

(l)*Y{x,y) := Y^'<{ct,{x),cl,{y)) . (6.7) 

This is an analytic cocycle over AKi]"!"^^^, 1[) whose radius is given by (cf. [CM02, Prop. 7. 2]) 

Rad( 6*(Y(x v)) o) - f R^d{Y{x,y) , pP ^/p if Rad{Y {x , y) , pP) > {u^ pY , 

Kad[ [Y [X, y)), p) - | ^^^^ ^^^^ ^ ^ )/{ujpy~' if Rad{Y{x, y),f^)< {upf . ^^■^> 

In other words: 

Pnr^fVf^.A nP^ - j (f)* (Y {x , y)) , p )P if Rad{(l)*{Y{x,y)),p) > ujp , , . 

naay i {x,y) , p- ) | ^^^^ ^*(Y{x,y)) , p)- \p\pP~^ if Rad{(l)* (Y {x , y)) , p) < ujp . ^ ^ 

If Rad(Y{x,y), ff) = {iop)P we only have 

RayicP*iYix, y)),p) ^ max( Radi Y{x, y) , / )/{u:pY~^ , Rad{ Y{x, y) , / f'P ) ? (6.10) 

However, the value of Rad{(l)* (Y {x , y)) , p) can be deduced by continuity of the Radius in the most 
part of cases, so that the previous inequality is an equality. 

In particular Y{x,y) is solvable if and only if (p*Y(x,y) is solvable, and if it is the case the 
previous relation becomes 

Rad{Y{x,y),p) = Rad{cP*Y{x,y), p) , (6.11) 

for p sufficiently close to 1~. This implies in particular that Y(x,y) is S-adimissible if and only if 
(j)*Y{x,y) is S-adimissible. 



^The classical counterexample is the following. Assume that the Frobenius is defined by 4>{T) = T'^. One verifies that 
the rank one analytic cocycle Y{x, y), defined as the Taylor solution of the differential equation d/dT — p^^T^^ , has 
radius Rad{Y {x , y) , p) = cop, but its pull back (j)*{Y{x,y)) is isomorphic to the trivial cocycle Y{x,y) = Id, so it has 
radius Rad{ld, p) = p, which is strictly larger than the maximum of (6.10). 
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6.3.1 The Frobenius Functor. The Frobenius functor sends a solvable object M associated to the 
solvable cocycle Y{x,y) over AK^r, 1[) into the the solvable object i;^*(M) associated to the cocycle 
(f>*Y{x,y) over (]r-^/*', The action of (f>* on the morphisms is given by (p* : Hom(M,N) — 
Hom((/)*M, (/)*N), (j)*{H{x)) := H'^^ {(j){x)), where H{x) is the matrix of a morphism in given basis 
(this definition does not depend on the chosen basis). 

6.3.2 Frobenius Structure. We say that a solvable object M has a Frobenius structure of order 
h > if {(j)*)^M. is isomorphic to M. In terms of cocycles this is equivalent to the existence of an 
invertible matrix H{x) G GLn{TZK) satisfying 

{cl)*fY{x,y) = H{x)Y{x,y)H{y)-' . (6.12) 

We denote by d-Mod(7^x)('^^ (i-Mod(7^i^)('^)'^'^'^(^), (d, S)-Mod(7^i^)('^)'^'^'^, S-Mod(7^/^)('^)'^'^'^ 
the fun subcategories of d - Mod(7^i^)W, d - Mod(7ei^)W'^<^™(^), (d, S) - Mod(7^i^) W'^^^m^ _ 
Mod(7^i^)t^l''^'^™ whose objects admit an unspecified Frobenius structure of some order. 



6.4 Special extensions 

In this subsection we assume that K is discretely valuated, of mixed characteristic {0,p), with 
perfect residual field k. By a result of Katz (cf. [Kat86]), every finite separable Galois extensions of 
k{{t)) corresponds to a so called special extension of k[t,t~^]. Special extensions of A;[t, are finite 
etale Galois extensions whose Galois group satisfies some particular conditions (cf. [Kat86]). By the 
theory of Monsky-Washnitzer (cf. [MW68]), special extensions of k[t,t^^] can be lifted (preserving 
the Galois group) to the so called Special extensions of Ok[T, T"^]"!", where Ok[T, T~^]^ denotes the 
Monsky-Washnitzer 's weak completion of Ok[T,T~^. Special extensions of Ok[T,T~^^ generates 
by scalar extension the so called Special extensions of TiJ^. We call Special extensions or equivalently 
etale extensions of TZk the T^-ii'-algebras obtained by scalar extension from Special extensions of 
Tij^. We need to introduce the following sub-ring of TZk- 



{ f G TZk I lim \f\p < +oo } . 



(6.13) 



The ring Sj^ has two topologies. The first one arises, by restriction, from that of TZk- For this 
topology fj^ is dense in TZk- The second topology on Sj^ in given by the norm for which fj^ is 
not complete. Since the valuation of K is discrete, then {£k, \ -\i) is actually an Henselian field with 
residual field /c((f)). One has the following inclusions Ti}j^ C S]^ C TZk- We introduce because 
it is a field, and because it is an intermediate object between T-L\^ and TZk- Special extensions 
corresponds bijectively to unramified extensions of £\^. The situation is resumed in the following 
diagram (for more details we refer to [ADV04], [Mat02]): 



Special 

extensions of T-l\^ 



Special extensions 
of Ox[T,T-i]t 



-<g>k 



Special 

coverings of k[t,t~^] 



'I' 











Finite unramified 



extensions of £ 



Finite unramified 
extensions of O 



Pull-back/ Finite separable 

extensions of k([t)) 



Special 
ext. of TZk 



(6.14) 
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6.5 Katz-Matsuda's Canonical Extension 

In this subsection we assume that K is discretely valuated, of mixed characteristic (0,p), with 
perfect residual field k. We show now how to obtain the analogous of the results of [Mat02] about 
the canonical extension. We recall briefly the context. We recall that Katz (cf. [Kat86], and [Kat87]) 
proved that, if F is an arbitrary field of characteristic 0, there exists a full sub-category of d — 
Mod(F[r, T~^]), formed by the so called Special objects, such that the scalar extension functor 
d — Mod(F[T, T~^]) — > d — Mod(F((T))) induces an equivalence of categories between the category 
of Special objects and d — Mod(F((T))). The section of the scalar extension functor so obtained is 
called canonical extension: Can : d - Mod(F((T))) ^d- Mod(F[r, T^^]). 

Following the lines of Section 6.4 we consider 7i\^ and TZk as completions of lifting in character- 
istic of k[t,t~^] and k{{t)) respectively. S.Matsuda (cf. [Mat02]) proved that the scalar extension 
functor d — Mod{Ti.^j^Y'^^ — > d — Mod(7^/^)^'^^ admits a section called canonical extension 

Can : d-ModCRK)^^^ ^ d-Mod{n^j^)^'^\ (6.15) 

inducing an equivalence of categories with its essential image. This means in particular that a 
differential module with Frobenius structure (M, V^) over TZk admits a basis in which the matrix 
of the connection lies in M„(7^]^). In terms of cocycles this is equivalent to ask the existence of a basis 
in which the associated cocycle Y{x,y) over TZk admits an extension to an uniform neighborhood 
of the diagonal of C(]l — e, 1 + e[) x C(]l — e, 1 -I- e[), for some e > 0. This extension is necessarily 
unique by Lemma 3.8. 

One has the following result whose proof is clear: 

Theorem 6.4 (Canonical extension). Let S be a family of infinitesimal operators over n\^. The 
scalar extension functor d — Mod(7^^)^''^^ — > d — Mod(7^x)^''^'' commutes with the deformation 
functors. If moreover the family T, is non degenerate, since the deformation is an equivalence, there 
exists a canonical extension functor for the categories of Taylor admissible T,-modules (resp. (d, S)- 
modules) with Frobenius structure. The canonical extension commutes with the deformation. □ 



d- Mod(7^i^)(<^)'^'^'^(^) 



Can 



■d-Mod(7^}^)(<^)'^^'^(^) 



(6.16) 



Forget E 







Forget S 



(d, S) - Mod(7^i^)W'^<i"^(^) (d, S) - Mod(7^]^) W-'^dmls) 



Forget d 

S - Mod(7^i^)(*)'^<^™(^) 





Can 



Forget d 



S - Mod(H]^)('^)'^'^'"(^) 



6.6 Etale solutions and the p-adic local monodromy theorem 

The so called p-adic local monodromy theorem (cf. [And02],[Ked04],[Meb02]) proves that, up to 
replace the field K hy a finite extension, every differential module with Frobenius structure is quasi- 
unipotent, that is it becomes trivial (i.e. direct sum of the unit object) over an 7^/^-differential 
algebra of the type 7^^[log(T)], where TZ'j^ is finite etale extension of TZk, and T is the variable 
of TZk. This means that the differential equations with Frobenius structure admit a fundamental 
matrix of solutions with values in some 7^^[log(T)]. We call etale solutions the solutions of these 
equations with values in some 7^j^'[log(T)]. 



^Actually S.Matsuda proved this result for quasi-unipotent differential equations, with Frobenius structure, but by 
[And02],[Mcb02],[Kcd04] we know that every differential equation with Frobenius structure is quasi unipotent (cf. 
Section 6.6). 
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We shall here prove, by deformation, that the same result holds for the categories of Taylor 
admissible E-modules, and (d, S)-modules. 

6.6.1 Action of a on Special extensions. By infinitesimal automorphism of we mean the 
restriction to of an infinitesimal automorphism of TZk fixing globally f j^. 

Lemma 6.5 (Action of S on the logarithm). Let a be an inEnitesimal automorphism ofTi.\^, (resp 
S^, TZk). Then 

log(a(r)) = log(r)+log(a(r)/T) , with \og{a{T)/T) e (resp. log(c7(r)/r) G 4, / G TZk) ■ 

(6.17) 

Proof. Write a{T)/T = 1 + ^^^J^. Since a is infinitesimal {a{T)-T)/T = 5„{T)/T has norm < 1 in 
its domain of definition. Then a{T)/T takes values in the disk D~(l, 1), the composite log(cj(T)/T) 
converges in the same domain of o"(T). If moreover o"(T) G £\., then \og{a{T) /T) G £\^, because 
\a{T) — T\i < 1, and hence the values of a{T)/T do not approach the wedge of the disk D~(l, 1). □ 

Lemma 6.6 (Action of S on Special extensions of T~Lk)- Let a be an infinitesimal automorphism of 
7Y|^, let B/k[t, t~^] be a Special extension and let {'H^k)' l'^\< corresponding Special extension. 

Then a extends uniquely, up to Galois automorphisms of Gal((7Y]^)'/7^J^) — > Gal{B / k[t, t~^]) , to a 
continuous automorphism of {H\^y /7i\^ and to (7Y|^)'[log(T)]. In particular there exists a unique 
extension of a inducing the identity on the residual ring B of (Wj^)'. 

Proof. It follow from the formal properties of the Henselian couples [Ray 70]. □ 

Remark 6.7. Infinitesimal automorphisms of 7i\^ extend to 4 ^^'^ TZk- But an infinitesimal 
automorphism of TZk which stabilizes TYJ^ and 4 may be not infinitesimal over Ti^j^. In particular 
it may not induces the identity on k[t,t~^] and k{{t)). 

Definition 6.8. Let a : k{{t)) ^ k{{t)) be an automorphism of fields. Let a : Sj^ ^ Sj^ he a lifting 
of a. We say that a is an infinitesimal automorphisms of (resp. non degenerate) if it is the 
restriction of an infinitesimal (resp. non degenerate) automorphism of TZk- 

6.6.2 Let S be a family of infinitesimal automorphisms of Wj^. In the sequel we will denote 
again by S its unique extension to 4i TZk, and their Special extensions. By uniqueness S commutes 
with the action of the Galois group of the special extensions. Our aim is to prove the following 

Theorem 6.9 (p-adic local monodromy theorem for Taylor admissible S-modules). Assume that the 
Frobenius 4> is a Frobenius ofTi}j^. Let S be a non degenerate family of infinitesimal automorphisms 
ofn\^. Then every object ofT.- Mod(7^i^)'^'^'^'W and (d, S) - Mod(7^i^)^<^'"'W is quasi-unipotent. 
In other words, if M is a Taylor admissible T,-difference equation over TZk admitting a Frobenius 
structure, then there exists a finite extension L/K, and an etale extension TZ'^/TZl, such that the 
scalar extension M (g) 7^'^[log(T)] is isomorphic to a direct sum of copies of 7^^[log(T)], as T,-module 
over TZ'^ilogiT)]. 

Proof. Since the Deformation functor is an equivalence it is enough to prove that the deformation 
of every differential equation M with Frobenius structure is quasi-unipotent. For this we have to 
prove that Def2(M) is trivialized by some TZ'j^\log(T)], or equivalently that Defs(M) admits a basis 
of (etale) solutions in 7^j^[log(T)]. We know that the deformation preserves Taylor solutions, the 
strategy is to prove that the deformation also preserve etale solutions. The proof will need some 
steps which will be treated in the following sub-sections 6.6.3, 6.6.4, and 6.6.5. 
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6.6.3 Reduction to the case of a module of algebraic type. By [And02, Cor. 7. 1.6], up to enlarge 
K, every differential module M with Frobenius structure is direct sum of sub-modules of the form 
N (8) Vm where N is trivialized by an etale extension TZ' /TZk (without logarithm) of 7^_r-, and 
(Um, V^™) is the m-dimensional differential module defined by the connection V^'"(ej) = -ej+i, 
for alH = 1, . . . , m — 1, and V^™ {cm) = 0. We will say that N is of algebraic type, and that Um is 
unipotent. Since the deformation equivalence preserves this decomposition, we can assume M = N 
or M = TJ^Ti . We show first that the deformation of is quasi- unipotent. The analytic cocycle 
attached to Um is 



where £n '■= log(x/y)'"/n!. Notice that Um is trivialized by 7^/^[log(T)] since Y := Yu^{T,l) G 
GLm('7^_ft'[log(r)]) is a complete basis of solutions of Um. By the definition of the deformation, 
Y[j^{x,y) is also the cocycle attached to Defs(Um), so the deformation is also trivialized by 
7^ A' [log (T)]. This proves the quasi unipotence of the deformation of Um- 

6.6.4 A property of the etale solutions. The unramified extensions of Sj^ are always obtained 

as the scalar extension of a special extensions of Ti-^j^. We call Ti^j^ C S]^ C TZk the union (in a fixed 
algebraic closure of Frac(7?,ii-)) of the special, unramified, and etale extensions of Wj^, f j^, and TZk 

respectively. Notice that the maximal unramified extension of K^'^^ / K of K is contained in w]^. 

Lemma 6.10. Let (N, V^) he a differential module with. Frobenius structure, with coefficients in 
TZk, of algebraic type. Assume that N is defined in the basis e by the equation Y' = G{T)Y . Let 
Y := {yij)ij be its fundamental matrix solution in TZk' with respect to the basis e, wiiere K' /K is 
a convenient finite extension. Then, up to replace K with a finite extension K'/K, the fallowings 
statements hold: 



i) IfG{T) G Mn{Wj^), then Y belongs to GLn{n\); 

ii) lfG{T) G M„(^j^), then Y belongs to GLniSj^); 

iii) Assume that G{T) G M„(£'j^). Let (^j^)' be the smallest unramified extension of such that 
Y G GLn((^i)')- Tiieu (^^)V£^^ is generated by the solution Y: 



Remark 6.11. We do not know if point iii) hold also for the special extensions of Ti.]^. 

6.6.5 Quasi unipotence of the deformations of differential modules of algebraic type. Let now 
N be a differential equation of algebraic type over TZk- Let Can(N) be its canonical extension over 

T~Ck, and let Y G G-L„(C||i) be the etale solution of Can(N). The theorem 6.9 will be proved if we 
show that Y is also a solution of the S-difference equation obtained by deformation from Can(N). 
If Ys<f{x,'y) is the analytic cocycle attached to Can(N), then its S-difference equation is defined by 
the following expression: 




(6.18) 




(6.19) 



Proof [Pul07, Section 8.3]. 



□ 



Yf^{a{x),y) 



A^{x) ■ Yf^{x,y) 



for all o" G S. 



(6.20) 
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We have to prove that one has also (7(Y) = Ao-(x) • Y, for all ex € S. The idea is to compare etale 
and Taylor solutions. For this let "Hj^fK] be the T^J^-algebra generated by the entries of Y. We have 
the following 

Proposition 6.12. There exists an Ti\^-linear injective ring morphism 

Tayi : Ti^y] > ^^-aig(l,l), (6.21) 

commuting with the derivation, with S, and with the Frobenius, where 

^^aig(l,l) := U (6-22) 

K'/K finite 

Proof. This inclusion is nothing but the map sending an element of Ti^j^ into its Taylor expansion 
around T = 1, and sending the entries of Y into the entries of Y^{T,1) (respecting the order 
of the entries). The existence of this map is provided by the classical differential Galois theory. 
Indeed, up to replace -ftT by a finite extension K'/K, the differential Galois theory provides a formal 
isomorphism Frac(7^J^,)[y] Frac(7^|^,)[yN(T, 1)]. This map induces the inclusion 

Tayi : n^j,[Y] C hUy] ^ n^Y^iT, 1)] C ^;^aig(l, 1) (6.23) 

commuting with the derivation. The fact that Tay^ commutes also with the S and the Frobenius 
will follows by the uniqueness of S and in the Special extensions. Since it is not clear whether 
the special extensions of are generated by the solutions (cf. Remark 6.11), we are obliged to 
consider and use point iii) of Lemma 6.10. We then proceed as follows. The map (6.23) provides 

an isomorphism Tay^ : "fj^-ziy] > £j^,[Yj^{T, 1)]. By the point iii) of Lemma 6.10, up to enlarge 

K', £j^,[Y] is an unramified extension of £^^,. This last isomorphism commutes then with S and 
ip because of the the uniqueness of S and 93 on unramified extensions of ^j^/-^ It follows that also 
Tay^ commutes with S and ip. □ 

Since Y is sent, by the morphism Tayx, into a base of solutions of Can(N) with values in 
^xaig(l, 1), then one has 

Tay^{Y) = Yt^{x,l) ■ H , with H € GLr,{K''^^) . (6.24) 

This proves that 

Tayi(a(y)-y-i) = a{Tay^iY)) ■ Tay^i?-^) = Y:,{a{x),l) ■ Y^{x,l)-^ = A^{x) . (6.25) 

Since Afj{x) has coefficients in H]^ then Tay^^{Afj{x)) = Afj{x), hence cr{Y) = Afj{x)-Y as required. 
This concludes the proof of Theorem 6.9. □ 

The previous proof proves in particular the following statement: 

Corollary 6.13. Let S be a noii degenerate family of infinitesimal automorphisms ofTi.]^, as 
in Theorem 6.9. Let (M, S^) be a (non necessarily admissible) Ti-module over TZk- Let V'^ be 
a connection on M admitting a Frobenius structure. Assume that there exists an etale extension 
TZ' /TZk, such that one of the following three equivalent conditions is verified: 

i) There exists a basis of M (8) 7^' [log (T)] trivializing simultaneously the connection and the action 
of^^. 

^The action of E (resp. 95) on fj^, [Yn(T, 1)] induces, via the map Tayj, an action on fj^, [F]. Since E is infinitesimal, 
the uniformizer tt of K' divides cr(r) — T (resp. tp{T) — T^), and hence this action induces clearly the identity (resp. 
the p-th power map) on the residual field. This action is hence the unique one of Lemma 6.6. 
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ii) There exists a basis of M 7^'[log(r)] in which the matrix of the connection is equal to and 
the matrix of every element of S is the identity matrix. 

iii) The (d, Ti)-module M (8) 7^'[log(r)] is isomorphic to a direct sum of the unit object (as {d, S)- 
module over 7^'[log(r)] j. 

Then (M, S^) is admissible, and coincides with the deformation of (M, V'^); 

(M,S^) = DefE(M,V^) (6.26) 

Proof. We consider the Taylor deformation (M, S^^) of (M, V'^). By the proof of the above The- 
orem if TZ'/TZk is an etale extension such that 7^'[log(T)] triviahzes (M, V'^), then 7^'[log(T)] 
triviahzes also (M, V'^, ^^^J^y) as (d, S)-module. In other words the basis trivializing the connection 
trivializes also the action of '^Ta.y have then two actions of S on M, namely (M, S^), and 
(M, S^^y), which have the property that, after scalar extension to 7^'[log(T)], there exists a base 
change trivializing simultaneously these actions. The actions coincides after base change, hence they 
are equal in the original base. So we have (M, S'^) = (M, ). □ 



Second part: Applications 



7. Differential equations and (if, r)-modules over the Robba ring. 

We firstly fix very quickly some notations about the theory of {f, r/^)-modules. The infinitesimality 
and non degeneracy of the action of (a subgroup of) Tk will follows from a lemma of [Col] (cf. 
Lemma 7.5), for this reason we will follows its notations. For further details we refer to [Col]. 

Let K/Qp be a finite extension with residual field k, and let F := W{k)[l/p] its absolutely 
unramified subfield. Let Kn/K be the field generated over K by the p"th root of unity, and let 
Koo := UnKn. Let := Gal{K''^^/K), J^k := GaKK'^'s/Koo), and Tk = '^k/^k = G&\{Koo/K). 
The cyclotomic character x ■ "^K factorizes through Tk, and identifies it with a subgroup of 

Z* with finite index. For 7 G F^^ we set ^(7) := Vp^xil) ~ 1)) where Vp denotes the p-adic valuation 
normalized by Vp{p) = 1. The filtration of Tk induced by % will be denoted by 

rP := {^€TK\ni^);,n} = x"'(l+p'%). (7.1) 

We denote by c{K) the conductor of K. If denotes the upper numbering ramification subgroup 
of (where as usual = , '^p is equal to the inertia subgroup for all s g] — 1,0], and the 
wild inertia is given by Us>o^^J'), then c{K) = sup( s \ K'^f = L ) where K'^f denotes the subfield 
of K formed by the fixed points by the action of ^p. One has (cf. [Col, Lemme 4.2]) 

F^) = Tk„ , for ah n \c{K) + 1] , (7.2) 

where \x~\ denotes the smaller integer greater than or equal to the real number x {\c{K) + 1] is 
denoted by hq^K) in [Col, Section 4.1]). For all extension A/B of complete discrete valued fields we 
denote by Oa/b its different. 

7.0.6 Some notations about the field of norms. For all finite extension K/F we denote by 
the field of norms of K (cf. [Col, Section 4.3]). ^k is a finite extension olEp of degree [Koo ■ Foo]- 
We denote by : — > ^ the discrete valuation defined by VE{{x^"'^)n) = Vp{x^^^), where as usual 
{x^^^)n^o £ is a sequence verifying (x*-""*"^-*)^ = x^^\ for all n ^ 0. Let vf := e — 1, where e = 
(l,e^^),e'^^), . . .) verifies e^^^ 7^ 1, then v-E,{Tr) = We denote by ttk a uniformizer element of Ei^-, 
and by 6k := ve{'(}ek/Ep)- By [Col, Prop.4.12] one has VEiDEK/Ep) = ^^'^n^+ooP"'Vp{X>Kn/Fj ^ 
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±_p[c{K)+i]^ Finally we set 

^ _ f i^VEi'^EK/Ep))^'^ if ^KfEiF is ramified, ,^ 
1 1 if Ex/Ep is unramified. 



7.0.7 Some notations about overconvergent functions. Following the notations of [Col] we con- 
sider the functor associating to every finite extension K/F the rings B^''^^, Bj^''^', r > 0, and 
bJ^ := Ur>oB j^'''' , B^^^jg := Ur.>oB'jr^/^ , (whose definition can be founded in [Col, Section 7.3]). 
These rings admit the following description in terms of analytic functions. Let pr := |p|''""e{i"k) Yor 
r < tk the ring b'^'*^^ (resp. B^''^^) is isomorphic to the ring of (resp. bounded) analytic functions 
converging in the annulus pr ^ |T| < 1, with coefficients in the field F' := W(/coo)[l/p], where k^o 
is the residual field of Koo (cf. [Col, Prop. 7.5, and Prop. 7.6]): 

b(^''^] ^ ^F'([P.,1[), (7.4) 

^F'{[Pr,l[). (7.5) 

Here the word bounded means that Bpi{[pr,l[) is defined as the sub-ring of AF'{[pr,^) of the 
functions /(T) satisfying sup^g[^^ i[ |/|p < oo. 

Maintaining the assumption r < rx, by the above isomorphisms (7.4) and (7.5), the valuation 
y{o,r] B^''^' and B^^''"' (defined in [Col]) corresponds to the norm {.{^J of AF'{[PrA[) (cf. [Col, 
Prop. 7. 5]). Analogously one has 

b], := U,>oBS^'^-1 ^ 4,, (7.6) 
BL,rig := Ur>oB]^'^l ^ TZf'. (7.7) 

7.0.8 Actions ofTx and (p. All the above rings have a canonical action of Tk- The Frobenius 
if acts on bJ^ and B^j.jg. If L/K is a finite extension then the action of F^, on ^ligi stabilizes 

^ligK — -^rigi' ^^"^ coincides with its action through Tk by the canonical inclusion F^ C Tk 

(whose image is equal to F^\ for some n ^ 0). 

Let £t be a variable, one extends the actions of Tk and (p to bJj^ ^[^t] by setting ^{It) '■= P'^T, 

and 7(^t) := + log(7(r)/r) (cf. Lemma 6.5), where T is the variable on bJj^^. 

7.1 From De Rham representations to differential equations over the Robba ring 

In this section we recall briefly the todays standard relations between p-adic representations, {ip, Tk)- 
modules, and differential equations over the Robba ring TZf'- In [Fon90] J.M. Fontaine obtained an 
equivalence of categories, indicated by D, between the category Rep(^^/c) of all continuous p-adic 
representations oI'^k (i-e. finite dimensional Qp-vector spaces together a continuous action of ^^x), 
and the category of the so called etale (99, Fii:)-modules over the fraction field £f' of a Cohen ring 
Os^, of Bk : 

D : Rep(?^i^) {^,Tk) - Mod{£F' f^ ■ (7.8) 
The objects of the target category are finite free modules over £f' together with a semilinear and 
continuous actions of F^ and of ip verifying i) the actions of ip and F^' commute between them, ii) 
there exists a lattice over Os^, stable under ip and Tk, hi) the matrix of in a basis of the lattice 
is invertible, i.e. the image of (p generates the lattice. 

The elements of £f' can be described as series X^jg^ '^nT'^, o-i £ F' ■, satisfying sup |aj| < 00, and 
limj^_oo \a,i\ = 0. This ring is somewhat too big because its elements do not converge anywhere. A 
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fundamental result of F.Cherbonnier and P.Colmez (cf. [CC98]) permits to find the same equivalence 
replacing Epi by bJ^ — > E^,-- 

Theorem 7.1 [CC98, III 5.2]. Let V be a p-adic representation of Wk- The family of sub-Sp,- 
modules of D(V) which are of finite type, and stable under if and Tk, admits a biggest element 
D^(V) verifying D(V) = D"''(V) (^ct £f'- The functor V i— > D^(V) is an equivalence and one has the 

commutative diagram 

Repi^K) ^ r^) - ModiSp'Y' (7.9) 




((/p,r^)-Mod(4,) 

where the vertical equivalence is the scalar extension functor from £p, to Sp'- n 



In this context, L.Berger was able to deduce, from the action of Tk on D^(V), the existence of 
a connection Vy on d!- (V) = D^fV) 0pt TZp'- We denote by t an element of TZp' on which Tk 

act as 7(t) = xil)^: ¥'(^) = P^- The connection Vy is defined by the following limit (cf. [Ber02, 
Section 5.1]) 

Vv := lim (7.10) 
and verifies the Leibnitz rule with respect to the derivation V := lim^_,i ^J^^i oilZpi. 



Remark 7.2. If K = F, then -f{T) = (1 + TY^^'^ - 1, ip{T) = (1 + Tf - 1, and t = log(l + T). 

_d_ 
dT- 



Then V = (1 + T) log(l + T) 



This connection presents singularities. Under the assumption that the starting representation 
V is of de Rham type, L.Berger is able to desingularize the connection Vy obtaining a differential 
equation over the Robba ring. More precisely one proves the existence of a unique T^i;'/ -lattice of 
-^rig(^) ®T^F' ^F'[i~^] stable under the connection t~^Vy, under the Frobenius ip, and under the 
action of Tk- One obtains hence a differential equation ^dR^^) over IZpi. This construction is 
functorial and one has a faithful functor (cf. [Ber02, Th. 5.20]) 

^dR ■■ Reprfij(^i^) >d-Mod{nF')^^'^ , (7.11) 

where Rep^^(^^ii-) is the category of de Rham representations of '^k, and d — Mod(7^^/)('^) is the 
category of differential equations over TZp' admitting an unspecified action of ip. 

Recently L.Berger have been able to make this result more precise (cf. [Ber07]). The differential 
equation ^dR^y) arises naturally with an action of (p and F^. Let {^p, Tk) — Mod(7^ir/) the category 
of finite free 7?.ir'-modules D together with an action of ip, such that ^(T)) generates D, and an 
action of Tk commuting with if. Denote by {(p,Tk) — Mod(7^ir')°*''^^ the fully faithful subcategory 
of {(p,Tk) — Mod(7^i?') formed by objects such that the action of is etale in the sense of [Ber07, 
Def. IV. 1.2], and such that the Lie algebra of F^ acts locally trivially in the sense of [Ber07, Def. 
III. 1.2]. These assumptions provide that the connection Vy can be constructed from the action of 
Tki and desingularized as in [Ber02]. Then the above functor (7.11) can actually be refined into an 
equivalence that we stiU caU Dt 

Dt : Kep^Ri^K) — {^,Tk) - MoAinF'P"^^ • (7.12) 

If now {ip, V) — Mod(7^ir/)^* denotes the category of (finite free) differential T^F'-modules together 
with an etale action of ip (in the sense of [Ber07, Def.IV.1.2]) compatible with the derivation in 
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which the morphisms are assumed to commute with the connection and with then Berger is able 
to construct a functor 

Cr^ : ((/.,^A')-Mod(7^^,f•'^^ >{ip,V)-Mod{nF'f' , (7.13) 

where the connection is constructed from the action of Tk as in [Ber02] . The functor N^r is then the 
composite of these functors with the evident functor {if, V) — Mod(7^i7")°* > d — M.od{TZFi)^'^h 

7.2 r^^-Deformation of solvable differential equations 

In this subsection we apply theorem 6.1 to deform solvable differential equations over TZpi into 
admissible r^''-modules, for some n ^ uk (see below the definition of nx). 

Remark 7.3. Notice that we can not apply the results of the previous section about the quasi- 
unipotence. Indeed, in the case in which the action of Fx is defined over 7i\p,,^'^ the action ofTx 
is not infinitesimal on Ti}p,. Indeed the reduction of this action on the residual ring koo\t-,t~^] of 
Ti}p, (and hence on the residual ring kao{{t)) of Sp,) is not equal to the identity. The above methods 
fails because we do not have a way to compare Taylor solutions with etale solutions (cf. Propositio 
6.12), because none of the subgroups of F;^ acts on the algebra ^^aig(l, 1). Nevertheless the 
action of a subgroup of Tk will be infinitesimal over TZp'. 

(n) 

7.2.1 Infinitesimality and nan degeneracy of the action ofTj^ , for n ^ n^- Here again we 
denote by [x] denotes the smaller integer greater than or equal to the real number x. Let uk be the 
smallest integer satisfying uk ^ \c{K) + 1] and uk > logp(^^^^^^y^) (if K = F, then nx = 1)- 

Lemma 7.4. Ifn^ uk, the action of F^^ is infinitesimal and non degenerate on TZp/ and Af'(\p, 1[), 
for all < p < 1 sufficiently close to 1. 

Proof. The infinitesimality follows immediately from [Col, Lemme 9.4] which we reproduce here for 
the convenience of the reader: 

Lemma 7.5 ([Col, Lemma 9.4]). Let 7 G Fj<- be such that n{pi) ^ \c{K) + 1]. Then for all p < 1 
satisfying |p|^'E(^fif )-inf(rK,p-"(^)) < p < 1 one has 

h{T)-T\, = p^W. (7.14) 

where 

s(7) := VE{7tK)-' ■ if"^^^ ■ v^{7:) - 5k) ■ (7.15) 

Proof. The above statement is a reformulation of [Col, Prop. 7.5 and Prop. 7. 6]. The notations have 
been explained in section 7.0.7 {\c{K) + 1] is denoted by no(i^) in [Col, Section 4.1]). □ 

We recall that the automorphism 7 is infinitesimal if and only if |7(T) — T\p < p for p g]1 — e, 1[ 
(cf. Remark 5.25). This condition becomes fE('?rA')~"'^ ■ ip^'^'^^ ■ v-E,{Tt) — 5k) > 1, and hence n(7) > 
logp( "^(gy^' ). The non degeneracy is then a direct consequence of (7.14) by Lemma 5.13. This 
concludes the proof of Lemma 7.4. □ 

(n) 

Remark 7.6. li K = F then the action of F]^ is infinitesimal and non degenerate for all n ^ 1. 



'For example li K = F we have 7(7) = {T + I)^'^' - 1 
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7.2.2 Deformation of the action of Tx- By Lemma 7.4, we can apply Theorem 6.1 to each 

(n) 

family S = Tj^ , for all n ^ rix- We summarize it in the following 

Corollary 7.7 (Deformation of the action of Fi^-). For all n ^ uk, the category d— Mod(7^i^)'^'^™('"if 
is equivalent to Pj^^ - Mod(7^i^)^^'". □ 

We now want to describe the class of differential equations belonging to d — Mod(7^A')'^'^™^'"if 

Lemma 7.8. Let 7 S 7 / 1, n ^ uk- Let Y{x,y) he a ^-admissible analytic cocycle over TZk, 
then Y{x,y) is solvable. 

Proof. By definition of the radius one has Rad{Y(x,y), p) ^ p, for all p sufficiently close to 1. 
The admissibility condition is Rad(Y {x , y) , p) > |5^(T)|p = \j{T) — T|p, for all p close to 1. By 
Lemma 7.4 |(^-y(T)|p is known for p sufficiently close to 1~, so 1 ^ linip^i- Rad{Y{x,y), p) ^ 
liuip^i- |7(T) - T\p = 1. □ 

Proposition 7.9. For all n ^ uk, one has 

d - Mod(7^i^)^<^"'(^^"') = d - Mod(7ex)^^<'(^'") , (7.16) 

where 

s[K,n) := — — 1. (7.17) 

fE(vrx) 

(n) 

In other words a solvable differential equation is Tj^ -admissible if and only if its p-adic slope is 
strictly less than s{K,n). 

Proof. We recall that a solvable cocycle Y(x,y) over TZk has a radius of convergence of the form 
Rad{Y{x,y), p) = p^, for all p £ I^, for e > sufficiently small, where the number /3 — 1 is the 
p-adic slope of the cocycle (cf. section 6.2). The P^"^ compatibility of Y{x, y) is Rad{Y {x , y) , p) > 
\j(T) — T\p for all p sufficiently close to 1~. The condition is hence p^ > p'^^"'^ for all 7 G In 
other words /3 - 1< min„(^)^„(s(7) " 1) = ^"'"^'^(iS'"''' " ° 
Remark 7.10. One has s{F, n) = — 1. 

7.2.3 Germs of admissible Tx-actions, and solvable differential equations over TZpi . In order 
to take in account the largest class of differential equations, we introduce the following notion 

Definition 7.11. A Germ of admissible Tx-action is a finite free module over TZp', together with 
an Taylor admissible semilinear action of a subgroup Pj^\ for some unspecified n ^ 1. A morphism 
between germs of admissible P^-actions is an 7?.i?'-linear map commuting with the action of P^^ 
for n sufficiently large. We denote by Germ(Pi^)^'^™ the category of germs of admissible Pii--actions. 

One verifies that 

Germ(PA')^'^"^ = (J T^^^ - Mod(7^J./)^'^'" . (7.18) 

Since lim„^-|_oo s{K, n) = +00, by Proposition 7.9, we have the following 

Theorem 7.12. The category d — yVodiJZpi)^^^ of solvable differential equations is equivalent to the 
category Germ(Pi^)^'^™. 

Proof. The theorem follows by passing to the limit the Proposition 7.9, since linin^^ao s{K,n) = 
+00. Indeed clearly one has d - Mod(7^F')^^^ = Un^i ^ " Mod(7^i^0^^<''('^'"^. On the other hand, by 
Proposition 7.9 one has d - Mod(7^i7/)S'<'^(^•") = d- Mod(7^F/)'''^'^(^'"'). Now by Deformation one 
has d - Mod(7^i^0^'^™(^'"') ^ P(") - Mod(7^F')'"^™• One concludes then by the equality (7.18). □ 



44 



Infinitesimal deformation of ultrametric differential equations 

7.3 Taylor admissibility of rx)-modules arising from de Rham representations 

For all /5 ^ we set 

n{P) := min{ n | n ^ nx and (3 < s{K,n) } . (7-19) 

For n sufficiently large the differential equation NdnCV) has two actions of The first one 

arises from the theory of L.Berger. The second one is deduced by deformation from the differential 
equation itself using theorem 6.1. More precisely if the p-adic slope of NrfR(V) is equal to /?, then 
by Corollary 7.7, and Proposition 7.9, by deformation we recover an action of F^^'^'' on NdR(V). In 
this subsection we prove the following 

Theorem 7.13. There exists n ^ uk such that the action of F^^ on Nrf/j(V) arising by the theory 
of L.Berger coincides with the action of F]^ deduced by deformation from the differential equation 
Nd_R(V) by Corollary 7.7. In particular the connection Nrf/j(V) together with the action of Tk 
(arising from the theory of Berger) lies in Germ(Fj<-)'^'^™. 

Proof. By [Mar04, Prop. 5. 2] there exists a finite extension L/K such that ^(V) := N^R(V)(8'gt 

rig, if 

Btg^[^T] admits a basis in which the connection and the action of F^ on ^dR,L{'^) arising from 

the theory of Berger are both trivial (here T denotes the variable of TZpi = B^j^^). We consider 
moreover r > sufficiently small such that the differential equation Nrf^(V) is Fi^-admissible over 
the annulus b'^'^^. We consider then an r' > such that the connection NdR,L(^) and the action 

10 r'l t 10 r'l 10 r'l 

of Fi are defined on B^' C ^lig^L ^^"^ both trivial over B^;;' By (7.7) the ring B r ' (resp. 

b'^'^') is isomorphic to a ring of analytic functions over an annulus C(]/3l, 1[) (resp. C{]pK, 1[)) with 
coefficients in a field F'j^ (resp. F'j^ = F'). We can chose r' > sufficiently small in order to have the 
natural inclusion b'^'^' C B^^'^ ^ which corresponds to an analytic map vr^ : C(]/3l, 1[) C(]pA'i 1[)- 

Now for all pK < p < I consider the disk D~(tp, Rp) C C{]pK, 1[), where tp is the Dwork generic 
point corresponding to \.\p, and Rp := Rad{N(iR{y), p). Let D~ (t^, Ri^p) be a disk contained in the 
inverse image of D~ (tp, Rp) by vr^. Now assume n sufficiently large in order that F^^ stabilizes 

T)^ [ti, Rl,p)- Notice that F^^ is canonically identified with F^^ for some m ^ n. We have then 
the following diagrams 

D-(tL,i?L,p) C C(]pL,l[) Ap>^{tL,RL,p) 

B-{tp,Rp) c C{]pK,l[) AF'{tp,Rp)' 

Now the inclusion D~{tL, Rl,p) C C(]/3l, 1[) identifies the Taylor solutions in GLniAp^iti, Rl,p)) of 
the differential equation Ndij(V) with a basis of etale solutions Y G GL„(Bjjg Moreover the 

inclusion Ap'itp, Rp) — > Ap^{tL, Ri^p) induced by tt^ identifies the Taylor solution of N^r^V) in 
GLn{AF'{tp, Rp)) with its Taylor solution over AF^{tL, Rl,p)- The group F^^ acts on all these rings 
and its action on Ap'itp, Rp), b'^'''^, bJ^^^ coincides with that induced by its inclusion in F^^ (cf. 

section 7.0.8). This proves that the action of F^^ on the etale solutions Y coincides with its action 
on the Taylor solutions in GLn{AF'{tp, Rp)) which is the action obtained by deformation from the 
connection N^/j(V). Hence the action of F^^ on ^dR^^) arising by the theory of L.Berger coincides 
with the action of F^^ deduced by deformation from the differential equation N(i/j(V). □ 



B 



B 
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(7.20) 
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7.4 Prom differential equation to de Rham representations 

We denote by Germ Rep^j:j(^^x) the category lim^^^ Rep^^(5fft:,J. For all n ^ the equivalence 



RepdRC^Kj {(P,TkJ -ModiTZp'T^'^^ (cf. (7.12)) commutes with the restrictions Reprf^(^i^„) 
Repani^K^+i) and (^J, rx„) - Mod(7^i^/)^*'L'^ {^p,^K„+l) -ModiTZp'f^'^'^ ■ So we have an equiva- 
lence Germ Repani'^K) ^ Germ(v9,ri^) - Mod(7ei;'/)'^*'^'^, where Germ((/9, Ti^) - Mod(7^F')^*'^'^ := 
lini ^^^(99, Tk„) — Mod(7^i7")'^*'^'^. On the other hand the functor Cr^, (cf. (7.13)) extends clearly to 

Germ((/9, 



Mod(7^^/) ' so we have the following diagram 



Germ((/p,ri^) -Mod(7^i^/)^* 2 Germ(v3,rK) 



Mod(7^i 



Nctiadm 



Germ Rep(^^x' 



Dt 



Germ((^, Tk) - Mod(7^F' 



Nct,LT 



{if, V) - Mod(7^F' 



■d-Mod(7^i./)(^) 

(7.21) 

where Germ((/;, F/^ ) — M.od{TZpiY^'^'^^ denotes the fully faithful sub-category of Germ((/5, Fx) — 
Mod(7^F/)°* whose objects are admissible, and where the inclusion 

Germ((/j,Fi^) -Mod(7^F/)'^*'^^ C Germ((/?, F^^) - Mod(7^i^')^*'^'^'^ (7.22) 

is provided by Theorem 7.13. 

Theorem 7.14. The above diagram commutes. In particular the functors Cr^^ and N^r can be 
described as 

Cr^ = Confr^ , and N^^ = Confr^ o Dt , (7.23) 
where Confr^^ := (Defr^^)"^. 

Proof. Let (M,(/9,Fi^) be an object of Germ(v9,Fx) - Mod(7^F')°''^'^• By [Mar04, Prop.5.2], there 
exists an etale extension Bj^^jg[^T] trivializing simultaneously the action of a subgroup of Fx, and 
the connection of Cpj^ (M). By the proof of Theorem 7.13 also the action of (a subgroup of) F^ 
obtained by deformation from the connection Cr^^ (M) is trivialized by [£t] ■ So the two actions 
coincides as in the proof of Corollary 6.13. 



□ 



8. Finite Difference equations 

In this section we apply the previous theory to the so called finite difference equations, i.e. to the 
case in which the automorphism a := ag^h is given by aq^h{f{T)) ■= f{qT+h), with {q, h) G x K. 
This section generalizes the papers [ADV04] and [Pul07] in which one consider p-adic g-diff'erence 
equations (i.e. of the type a := (Jq^, with h = 0). Notice that in this section K is an arbitrary (not 
necessarily p-adic) ultrametric complete valued field of characteristic 0. 

8.1 Infinitesimality of (Tg h- 

The infinitesimality condition for aq^h is \{q — + < p\,\^,xi foi' ^ \-\* ^ .y^{X). Thank to 
Lemma 5.3 we are reduced to check this condition on the maximal Skeleton S^x of ^{X) (cf. 
section 2.5). We find the following 

Lemma 8.1 (infinitesimality of cTq^h)- Let X = D"'"(co,i?o) ~ Uj=i....^„D~(ci, i2j) be an athnoid. Let 
{q, h) € X K. The automorphism Gq^h is infinitesimal on 7{k{X) if and only if 

|g-l|<l, and \{q - l)ci + h\ < Ri , for aU i = 0, . . . ,n . (8.1) 
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Proof. The elements of the maximal Skeleton are those of the form |.|ci,p, with Ri ^ p ^ Rq. The 
condition on these elements is \{q — l)T + /i|cj,p < p for all Ri ^ p ^ Rq. One has \{q — l)T + /i|cj,p = 
\{q-l){T -Ci) + {q-l)ci+h\c,,p = max{\q'-l\p,\{q-l)ci + h\). ' □ 

8.2 Non degeneracy of ^ 

Let X = D"'"(co, -Ro) — Uj=i_...^„D~(ci, Ri) be an affinoid, and let {q, h) £ x K he a pair satisfying 
|g — 1| < 1 and \{q — l)cj + h\ < Ri for all i = l,...,n (cf. Lemma 8.1) in order that o-g/j 
acts infinitesimally on X. Non degeneracy of (jq^h will follows from the existence of a (g, /i)-Taylor 
expansion formula for analytic functions on (sufficiently large) discs (cf. Proposition 8.3 below). For 
this we need some definitions. 

For all natural natural number n ^ we set [n\q := 1 + g + + • • • + q"'~^, and [n]^ : = 

[l]q ■ [2]q • [3]q [n]q. Fov all Complete valued extensions Q/K, denote by 5q^h : ^2 — > i7 the map 

Sq^h{x) := qx + h. For all c G fl, and all n ^ 0, we set 

(r-c)J;i := (r-c)(T-5g,,(c))(r-4,(c))...(r-5^;i(c)). (8.2) 

We define the Twisted g-binomial by (")^ by the relation (1 - r)(l - qT) ■ ■ ■ {1 - q"-~^T) = 
Si=o(~l)Hi)g ■ 9 ^ ™ which it is understood that, for i = 0, the symbol q 2 is equal to 1. It 
follows from the definition that for 1 ^ i ^ n-lonehas (")^ = (^l|) +g*("7^) = q''~'CiZl) + {''~) q- 
We call twisted {q,h)- derivation the operator 

CTq^h - Id _ o-g.fe - Id , . 

^^^^ - aqMT)-T - {q-l)T + h- ^"''^ 

One has the relations Oq^h ° ^q,h = q\,h ° (^q,h, and \,h{f9) = (^q,h{f)\,h(.9) + \,h{f)9, and 
more generally for all q E Rx one has A^,(/5)(r) = ^^=0 {l)q ' ^Zh^f^KhiT)) ■ ^ihi9){T). The 

family {(r-c)J;l} 

njso is the (g, /i)-deformation of the family { (T c)" }n ^0, in the sense that it 
is adapted to the (g, /i)-derivation. Indeed, for all n ^ 1, one has 

^,AiT-ci;i) = [n]q . {T - c)f-'K (8.4) 

Remark 8.2. Notice that all the above properties hold even if g is a root of unity. We remark that, 
if g is a TTi-th root of unity different from 1, then one has = for all n ^ m. For g = 1 we have 
[nfq = nl, for all n ^ 0. 

Proposition 8.3. Let Q./K be a complete valued Geld extension, let c G 0, and let R > he a real 
number. Assume that \q — 1\ < 1, and that \{q — l)c + h\ < R, in order that the disc D~(c, R) is 
invariant under the action of (Jq^h- Let f{T) := J2n>o '^«(^ ~ '^Y ^ -^o(c, R) be an analytic function 
on D-(c,i?). Then 

i) f{T) can be uniquely written as f{T) = J2n^o"-n{T - c)^"[ G An{c,R); 

ii) For all p satisfying \ {q — l)c + h\ < p < R one has 

l/lcp := sup|a„|p" = sup\an\p"' (8.5) 

iii) The radius of convergence of f is given by the formula: 

Rad{f,c) := liminf |a„r^/" = liminf . (8.6) 

n n 

iv) Under the above conditions assume moreover that one of the following conditions is fulhlled: 

(a) q is not a root of unity, 

(b) q=l but h^O. 
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Then one has the {q, h)-Taylor expansion formula 

/(T) = Y.Al,{f){c)- ' y . (8.7) 

Proof. The proof follows closely [Pul07, Lemma 5.3], we omit it for expository reasons. □ 

Corollary 8.4. Under the assumptions of point iv) of Proposition 8.3 for all p satisfying \{q — 
l)c + h\ < p < R, one has \\Aq^h\\c,p = P~^ ■ where \\Aq^h\Up ■= sup/g^j^(c,ij) ^77177^- 

Proof. By the twisted {q, /i)-Taylor formula we deduce |Aq^/i(/)|c^p ^ P~^\f\c,p- Now since |Ag /^(r — 
c)\c,p = 1 = P~^\T — c\c,p one has the required equality. □ 

Corollary 8.5. Let {q,h) G x K Let Q./K he a complete valued field extension, and let 
c G Jl. Assume that |q — 1| < 1, and that \{q — l)c + h\ < R in order that Uq^h 9-cts on Aq{c, R). If 
{q,h) ^ (1,0), then the {q, h) -derivation A^ /^ acts as well on An{c,R). Assume now that a^ h 9-cts 
infinitesimally on TixiX), then Aq^h operates as well on 7i.K{X). 

Proof. The operator Aq^h has a denominator. If the zero —h/{q — 1) of the denominator does not 
belong to the disc D~(c, -R), or if g = 1, then the denominator is invertible in Aq,{c,R)^ and there 
is nothing to prove. Assume then that q ^ 1, and that —h/{q — 1) G D~(c, ii). Every function in 
An{c,R) can be written as f{T) = Y^n^Q^n{T — c)^q\- Without loss of generality we can assume 
that c = —h/{q — 1), and in this case one sees that Uq^hif) — / is divisible by {q — 1)T + h. 

The case of HxiX) is proved as follows. If —h/{q — 1) does not belong to X{K), or if g = 1, 
then the denominator is invertible and there is nothing to prove. If —h/{q — 1) belongs to X{K), 
by the above argument one sees that for all / G TixiX), Aq^h(f) have no poles on X. □ 

Corollary 8.6 (Non degeneracy of cr^ /i). Let X := D"'"(co, i2o) — Uj=i_...^„D~(cj, i2j) be an afRnoid. 
Assume that Gq^h is infinitesimal (cf Lemma 8.1 ). Then aq^h is non degenerate if and only if (q, h) 
verifies the conditions iv) of Proposition 8.3. Moreover in this case every point of X{Q) is a base 
point for ag^h (^/K being as usual an arbitrary complete valued field extension). 

Proof. Let Q/K be a complete valued field extension, let c G X{i}). Since aq^h is infinitesimal, the 
disc D~(c, pc,x) is invariant under the action of (Jq^^. By Proposition 8.3 a function / G An{c, pc^x) 
can be uniquely written as / = En5;0 " c),"!/!?^]^- Clearly aq^hif) = / if and only if 

Ag,h(/) = 0. By the (q, /i)- Taylor expansion, this implies that / is constant. Reciprocally, if {q,h) 
does not satisfy the conditions iv) of Proposition 8.3, then the function (T — c)^n]q^h is fixed by o'q^h, 
for n » 0, because [n]g = (cf. relation (8.4)). □ 

Corollary 8.7. Theorem 5.18 holds without changes for T, = {cq^h}, where the conditions of 
infinitesimality and non degeneracy of aq^h have been expressed in Lemma 8.1 and Corollary 8.6. □ 

8.2.1 Roots of unity. Let B/< denotes one of the rings TZk and TiJ^. Denote by B^-^ := 
Un^oBA'n) where Kn = K{fip„), and define d — Mod(Bxoo) as the inductive limit of d — Mod(Bx„). 
The group /ipoo acts on by a^{f(T)) := f{^T), ^ G /Xpoo. The action of /x^oo on 7i\^ is infinites- 
imal and non degenerate since Ax^i^, 1)^^?°° = K^q. 



Corollary 8.8. The deformation functor provides equivalences 

d-Mod(BK^)W ^ /ipo.-Mod(BK^)'^'i-, (8.8) 
d-Mod(7^x^)('^) ^ fi^o.-ModiUKj^^^''""^ . (8.9) 
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If T^jaig ((4)) denotes the inertia of Gal{k{{t))'^^^ / k{{t))) , then one has an equivalence 

Rep;^ai.(2:fcaig((i))) ^ /lpoo-Mod(7^i^^)('^)'-^-. (8.10) 

Proof. The first assertion for Bi^^ := TZk^o follows from the case Bk^ '■= "H]^^ using the canonical 
extension functor. The result over T~C\^^ follows by Theorem 5.22. Now the second assertion follows 
from [And02] which provides an equivalence between Rep^aig(X;,aig((^))) and d — Mod{TZK^)^'^^ ■ □ 

8.3 Admissible cTg ^-modules 

In this subsection we describe the categories d-Mod(7i/< (X))^'^'^^'"'?.^) and ag^h-Mod{nK{X))'^'^ . 
We give conditions to provide the fjq^/i-compatibility of a cjq^/i-module. In the particular case of the 
operator of the form ag^h the analytic cocycle attached to an admissible object can be described 
explicitly using the {q, /i)-Taylor expansion. Assume that ag^h acts infinitesimally on X. 

Let (M,cj^^) be a (not necessarily Taylor admissible) cjg^/j-module, and let e C M be a fixed 
basis of M. Let ag^h{y) = A -Y is the {q, /i)-difFerence equation defined by in the basis e, and 
let Ag^h{Y) = G{q,h;T) ■ Y, where G{q,h;T) := 37^^ be the corresponding equation in term of 
the twisted {q, /i)-derivation. 

Assume, for a moment, that M is Taylor admissible, then, by the twisted (g, /i)-Taylor formula, 
the analytic cocycle attached to the equation is given by the expression 

Y{x,y) := Y,Gin]{q,h;T){yy-^^^ , (8.11) 

where := G[„](g,/i;T) is defined by the relation A^^(y) = G[n]Y, and is given inductively by 
the expression G[o] = Id, = G, and G^^+i] = cjg,/,(G[„])G[i] + Ag^,j(G[„]). 

Conversely we are now interested to understand, without assuming that M Taylor admissible, 
when such a formal expression define an analytic cocycle. In this case we define the formal radius 
of M in the basis e as 

/ , \ -l/n 

RadFiM,e,\.U) = min( limjnf (g, /i; r)|,/| [n];^! j , ) • (8.12) 

A priory the formal Radius depends on the coosen basis e, and moreover none of the properties of 
the radius of an analytic cocycle are fulfilled by i?a(ii?(M, e, |.|*), because the expression (8.11) is 
formal, and does not necessarily represent an analytic cocycle. The reason for which we consider 
the formal radius is that it exists on the whole ^{X), while the usual radius exists whenever the 
expression (8.11) represents a fjg^/j-compatible analytic cocycle. The following Proposition describe 
the relations between the formal radius and the usual one. 

Proposition 8.9. Assume that ag^h satisfies condition iv) of Proposition 8.3 in order that it acts 
infinitesimally on X and that it is non degenerate. The following conditions are equivalent : 

i) The expression (8.11) defines a ag^h-compatible cocycle; 

ii) For all |.|* S ^{X) one has : 

\6^^J, < RadF{M,e,\.\,) . (8.13) 

iii) Condition (8.13) holds for the elements of the maximal Skeleton .5^x of X; 

iv) Condition (8.13) holds for the critical elements l^x of the maximal Skeleton of X. 

Proof. If Y{x,y) defines a o"g^/i-compatible cocycle, then Rad{Y{x,y), |.|*) = RadF{M,e, \.\*), and 
the properties ii),iii),iv) hold (and are equivalents by Propositions 5.5). Assume now that condition 
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ii) holds, then an estimation shows that the series of functions (8.11) converges and that defines an 
analytic cocycle which is automatically cXq^/i-compatible. Hence i) holds. 

Now assume that iii) holds. As in the prof of Proposition 5.5, if |.|^, ^ |.|^* then i?adj7'(M, e, |.|*) ^ 
-Radi?(M, e, |.|**) and p\.\,^x = P\.\t*,Xi then it is sufficient to prove the condition on an exhaustive 
family, in particular on the maximal Skeleton of X. This proves that iii) implies ii). 

Now assume that the condition iv) holds, we want to prove that iii) holds as well without 
assuming that Y{x, y) is an analytic cocycle. In particular we can not use the continuity of the 
function |.|* i— s- iiadi?(M, e, |.|*) on the whole ^{X) as we did in Proposition 5.5. We proceed 
then as follows. With the notations of Proposition 2.13 we consider the restriction of the func- 
tion p Radp{M,e,\.\c^^p) to the interval [pi^s, Pi,s+i]- This function is the liminf of the log- 
concave functions |ci,p/| [re]^!)""'^/"', for this reason p i-^ /?adi?(M, e, |.|cj,p) is log-concave on 
[pi,s, Pi,s+i] and hence continuous on the open interval ]pi^s, Pi,s+i[- The log-concavity on [pi^s, Pi,s+i] 
implies that the condition (8.13) is verified for all p £ [pi^s,Pis+i] if and only if it is verified at pi^s 
and Pi,s+i, because the log-concavity implies RadF{M,e, \-\ci,pis) ^ Ihn - RadF{M,e, \-\ci,p) and 
RadpiMje, \-\ci,pi s+i) ^ li™o-^o+ Radp{M,e, \-\ci,p)- This proves that iv) implies iii). □ 

Corollary 8.10. Let X = D+(co,i?o) - U[LiD-(ci, i?,). Tiie category d - Mod(7^i^ (X))^<^"^K,h) 
(resp. aq,h-Mod{nK{X))'"^'^) is the full subcategory of d~Mod{nK(.X)) (resp. ag,/j-Mod(Wi^ (X))j 
whose objects M satisfy 

( mayi{ \q - l\\ci - Cj\ , \{q - l)ci + h\ ) < Rad{M,\.\c^^\c^^c.i\) , for all i,j = l,...,n 
\ max( |g — l|i2j , \{q—l)ci + h\) < Rad{M,\.\c- r-) for all i = 0,...,n 

(8.14) 

(resp. the same condition with RadF{M,e, —)). □ 
8.4 Germs of admissible Q-actions 

Analogously to section 7, also in this context we have a group action. The group of operator is the 
following. We consider a new group law on the set Q := x K given by 

{Qi, hi) ■ iq2, ^2) := ( 9192 , 92/11 + /12 ) • (8.15) 

The identity of Q is (1, 0), the inverse of {q, h) is {q~^, —q~^h), and {q, /i)" = (g", [n\q ■ h). Moreover 
(g, h) = [q, 0) • (1, h) for all {q, h) € Q, and the action of the conjugation is (g, h) ■ {q, h) ■ (q, h)~^ = 
{q , q~^{{q — l)h + h)). This shows that the sub-group S) := {{q, h) \ q = 1} is normal in Q, and 
hence Q is the semidirect product of S) and £} := {{q, h) \ h = 0}. 

We consider Q as a topological group with the direct product topology oi x K in which each 
factor has the topology induced by the absolute value. 

Remark 8.11. Let M be a Qr,i/-niodule. Let A{q, h; T) be tha matrix of a^j^ is a given basis. Then 
A{{q,h) ■ {q\h'y,T) = A{q',h';qT + h)-A{q,h-T). (8.16) 

In particular one has 

A{{q,hr;T) = A{q,h;q''-'T+[n-l]qh)-A{q,h;q^-^T+[n-2]qh)---A{q,h;T). (8.17) 

8.4.1 Germs of admissible Q-actions. As in section 7 we define now the category of germs of 
admissible Q-actions. For all (r, v), with z> > 0, < r ^ 1, we set 

Q,,, :=D^(l,r) X D^.(0,zv) . (8.18) 

Qr^u is an open subgroup of Q, and { Qr,u }t,u>o is a basis of neighborhoods of the identity in Q. 
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Let X be an affinoid. A germ of admissible Q-action is a finite free 7Yft:(X)-module, together 
with a Taylor admissible semilinear action of an unspecified sub-group Qr,u- Morphisms between 
admissible germs of Q-actions are 'Hi^(X)-hnear maps commuting with the action of an unspecified 
Qt,i/- We denote by Germ(Q)'^*^™ the category of admissible germs of Q-actions. For fixed (r, u) one 
has the following description of the category of Q^^j^-admissible 7Yx(-'^)-differential modules. 

Lemma 8.12. Let max(r, z^) > 0. Assume that Qr,u 3,cts infinitesimally on X. An analytic cocycle 
Y{x, y) is Qr^u -compatible if and only if 

max( r|ci - Cjl , r|ci| , 1/ ) Rad{Y{x,y),\.\c^^\^^_c^\) , for all i,j = l,...,n 

max( ri?j , r|cj| , z/ ) ^ Rad{Y{x,y),\.\c-,R-) for all i = 0,...,n 

Reciprocally a Qr^u-^odule M is Taylor admissible if and only if the same conditions holds for 
RadFiM,e, -). 

Corollary 8.13. The category d - Mod{nK{X)) is equivalent to Germ{QY'^'^. □ 
8.5 Effective computations 

If we know the matrix A{q, h; T) of the action of cr^^ : M ^ M in a basis, we would like to have an 
algorithm to know as well the attached differential equation. The algorithm should not involve the 
cocycle which is usually unknown. For this we have to introduce the Lie algebra of Q. 

8.5.1 The Lie algebra C{Q). We define C := C{Q) as the ET-vector space of analytic paths 
7 : D~(0, e) Q, for some e (depending on 7), truncated at the first order. In other words a 
path 7 of £ is of the form 7(a,b)('^) := (1 + ar,br), for some (a, 6) € K^. The multiplications 
in Q gives 7(a,fe)(^) ■ 1{a' ,b'){''") = {I + {a + b')r + abr'^, {b + b')r + abr'^), which truncated at the 
first order gives the rule 7(a,6) • 7(a'.fe') = 7(a+a',b+6')' This gives an isomorphism of ii'-vector spaces 
7(a,fe) i'^i ^) ■ ^(2) The conjugated of a path is again a path and one has {q, /i) -7(0,6) {^) = 

Remark 8.14. Let B be one of the rings HxiX), n^^iX), Ak{I), TZr- The limit "^(^^ m)" ■= 

{a.b) 

lim^^o '^^+°''^'"' — converges to the derivation (aT -|- b)d/dT of B, with respect to the simple con- 
vergence topology of End^'^*(B). Hence we have an injective ii'- linear map d : C ^ Derii:(B), 
sending {a,b) into du,b) '■= i^^T + b)d/dT. One has ag^h ° dfa,b) = ah+t -, o Uq^h- In particular 
dfi Q) = Td/dT and d^Q |) = d/dT. 



8.5.2 Algorithm to compute the connection from the action of Qr,v Let (M, Q^^) be a germ of 
admissible Q-action. Assume that the action of Qr^u is known. Let A{q, h; T) be the matrix of 
in a fixed basis. We notice that the map (g, h; T) ^ A[q, h; T) is analytic on Qr,v x X because of 
the analyticity of the cocycle Y{x^ y). Indeed one has A{q, h; T) = Y{qT + h, T). 

Proposition 8.15. Let Y' = GY be the differential equation attached to (M, Qi^j,), tiien for all 
(a, 6) G - {(0,0)} one Las 



d 



dq 



d 



G{T) = {aT + b)-'- a-—A{q,h;T) + b ■ —A{q,h;T) . (8.20) 



5=1, /i=o dh 



g=l,/i=0 



In particular G{T) = T-\f^A{q,h;T%=^^h=^ = [-^A{q,h-T)\q=^^r,^o- 

Proof. To prove this equality in Hk{X) it is enough to prove it in the larger ring An{yo,R), for 
yo G X{Q), and R = Rad(Y (x , y) , yo) , Vl/K being as usual a complete valued field extension. Then 
one can write A{q,h-T) = Y{qT + h,yo)Y{T,yoy\ and G{T) = d/dT{Y{T,yo))Y{T,yo)~\ Now 
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the expression (8.20) equals the following 

(aT + . ^ + ar, br; T)) ^ = {aT + lim + '^rMlT) - Id ^^^i) 



r=0 r^O r 

This last divided by (aT + h) is equal to 

lim Y{T,yo) = d( Y T, yo P^U , 2/o) , 8.22 

which coincides with {aT + 6) • d/dT{Y{T, yo)) ■ Y{T, yo)"^ = {aT + 6) • G{T). □ 

8.5.3 Algorithm to compute the connection from the action of an individual a q^h. Let (M, o"^^) 
be an admissible fjg^/i-module. Let A{q, h; T) be the matrix of <t^^ in a fixed basis. Then 

Corollary 8.16. Let Y' = GY he the differential equation attached to (M, crH^), then one has 



A{qP",nh;T) 



G{T) = lim , ' „ ' ''^''1 \ \ , . (8.23) 
^ ^ n^+oo {qP" - l)r + [p^h ^ ' 

Proof. This follows as in Proposition 8.15 from the fact that limg-^^H J^x)-T ~ ^/dT, and from that 
lim„^oo(Q', h)P" = lim„^oo(g''", b"]g/t) = (1, 0), hence lim^^oo V.Ip"],/^ = ^'^^ ^ 

8.6 cjg /i-modules over the Robba ring. 

The infinitesimality condition for the operator aq^h over the Robba ring is given by 

max(|g- l|,|/ij) < 1. (8.24) 

The non degeneracy condition is always given by condition iv) of Proposition 8.3. The compatibility 
condition is given by max(|g — 1\ ■ p, \h\) < Rad{Y {x , y) , p) , for all p < 1 sufficiently close to 1 
(resp. the same condition for RadF{M,e, p)). Notice that if aq^h is infinitesimal, then every solvable 
differential module is automatically cj-compatible. 

Corollary 8.17. Theorem 6.1 holds without changes for T, = {cTq fi}, where the conditions of 
inhnitesimality and non degeneracy of Uq^h have been expressed explicitly in equations (8.24) and 
Corollary 8.6. □ 

Corollary 8.18. If aq^h Is infinitesimal and non degenerate, then every Taylor admissible (Jq^h- 
modules admitting a Frobenius structure over TZk is quasi unipotent. 

Corollary 8.19. Assume that Oq h is infinitesimal. The category d — M.o(l{TZK{X))^'^'^'^t'i^'> (resp. 
aq^h - Mod(7^i^(X))^dmj jjjg f^li subcategory of d - Mod(7ex(X)) (resp. Uq^h - Mod(7^i^(X))j 
whose objects M satisfy 

max{\q-l\- p , \h\) < Rad{M, p) , (8.25) 

for all p in some Ig. (resp. the same condition with Radp). In particular solvable objects are auto- 
matically aq^h-compatible. □ 

Lemma 8.20. Let r, > 0. An analytic cocycle Y{x, y) over TZk is Qr^u-compatible if and only if 

max{ Tp,u) ^ Rad{Y{x,y),p) . □ (8.26) 

Corollary 8.21. The category - Mod(7^i<-)^<^™ is equivalent to d - Mod(7^A-)^'^™(2l,l) = 
d — Mod(7^/^)^°^ of solvable differential equations. □ 
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9. Morita's p-adic Gamma function and Kubota-Leopolodt's L-functions 

In this section we apply the previous theory to a particular difference equation satisfied by the 
Morita's p-adic F-function. As a consequence we relate the radius of convergence of the associated 
differential equation to the absolute value of some value at positive integers of the L functions 
appearing in the Taylor expansion of the function log(r). We prove then, as a direct consequence 
of the deformation, a family of congruences between these values. 

9.1 A Small radius Lemma for rank one (g, /i)-difference equations 

We give here a Lemma which expresses the radius of convergence of a rank one {q, /i)-difference 
equation directly in terms of the matrix of the derivation, under the assumption that the radius is 
"sma//", or equivalently that the norm of the matrix of the connection (resp. of the (g, /i)-derivation) 
is "big". 

In this sub-section we assume that {q, h) G satisfies the conditions of Lemma 8.1 and Corol- 
lary 8.6, in order that Gq^h is infinitesimal and non degenerate. 

For all g G E:^, |g - 1| < 1, we set := lim„_oo | Ng|^/". One verifies (cf. [DV04, 3.5]) that, if 
K is the smallest positive integer such that l^'' — 1| < oo, then 

Ll) if K = l 

[K]q-C<J I if 



(9.1) 



Let I ■ I* G ^{X), and let Ag^/^ := j^z^Yt+R- 

\\^q,h\\* '■= sup — ^j^- , \\d/dx\U := sup . (9.2) 

/gWk(.y) I J I* feHK{x) I/I* 

Lemma 9.1. Let X = D"^(co,i?o) ~ U[L]^D~(ci, i?j), and let \-\y,p be a multiplicative seminorm of 
^{X). Then \\d/dx\\y^p ^ p~^, and if y G K equality holds. Assume now that {q,h) G is 
infinitesimal and non degenerate (cf. Lemma 8.1 and Corollary 8.6). If \{q — l)y + h\ < p, then 
\\^q,h\\y,p ^ P~^, and if y £ K, then equality holds. 

Proof. Let t G X{Q) be a Dwork generic point for \.\y^p, where Q/K is a sufficiently large complete 
valued extension. Then, one has \t — y\n = \T — y\y^p = p and hence \.\t^p = \.\y,p (cf. Remark 2.4). 
Notice that y does not necessarily belong to X, while t G X{i}). Moreover, the assumptions imply 
\{q — l)t + h\ = \ {q — l){t — y) + {q — l)y + h\ < p, because |g — 1| < 1. We consider then the inclusion 
T-Lk{X) C An{t,p). By Corollary 8.4, for ah \{q - l)t + h\ < p' < p one has || Ag^/i||j_p/ = (p')~^ in 
particular ^^f-^f^^V'P' ^ (p')-i. Hence by continuity '"^Y;,^-^^'"'" p^^, for all / G HKiX). Now if 

\j \y ,p' \J \yiP 

y £ K, then {T — y) G TLk^X) and hence |Ag^/i(T — y)\y^p = 1 = p~^\T — y\y^p, hence we have the 
equality ||Aq^/i||y^p = An analogous proof applies to d/dx. □ 

9.1.1 Let (M, cr^^) be a rank one cjq^/i-difference module (not necessarily Taylor admissible). 

Denotes by A^^^ : M ^ M the operator A^^ := j^^^^j^:^. Let 

/\q^h{Y) = G[^{q,h;T)-Y , G[^{q,h;T) e HxiX) , (9.3) 

be the corresponding rank one (g, /i)-difFerence equation in a fixed basis e G M (i.e. A^^(e) = 
e • {q, h; T)). Let Radpi^, e, — ) be the formal radius of M (cf. Section 8.3). We recall that the 
formal radius i?a(iir(M, e, — ) depends on the chosen basis e, and that it coincides with the radius 
Rad{Y(x,y), — ) under the assumptions of Proposition 8.9. The reason for which we consider the 
formal radius is that it exists on the whole ^(X), while the usual radius exists whenever the formal 
expression (8.11) represents a fi-compatible analytic cocycle Y{x,y). 
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Lemma 9.2 (Small Radius). Let |.|* € ^{X) he a fixed seminorm. Assume that aq^h ^cts inBnites- 
imally and is non degenerate (cf. Lemma 8.1, and Corollary 8.6). Let M be a rank one aq^h-^odule. 
In the above notations, let := G[„](g,/i;T) be the matrix defined by A'^^(y) = In the 

notations of Section 8.3, one has the foUowings: 

i) One has always 

I'M > 

I I ^ rn^^i\n..A IT7\ TT^ ! 

(9.4) 



liminf„(|G[„]|*/|[n]g|j max(|G;,j|;, || A,,J | ,) 



i?adF(M,e, I • y ^ min(^ max(|Gt,]|r,||A,.,||,) ' P\-UX ) ■ 

ii) Onehas\G\^i^^ > j'^aridoi2fyifliminf„(|Gj„]|,,/|[n]q|)~^/" < a;q-||Ag . In particular 
if |.|* = \.\y,p, withy G K (cf. Lemma 9.1), then |G[i]|y,p > if and only if RadpiM, e, |.|y,p) < 
up. 

iii) Jf > ||Ag,/i||* then 



liminf„, |G[„]|*/|[n]g|, - joj-tu , 



RadF{M,e, | • ]*) = min(^ , 

The same statements hold for rank one differential equations replacing Aq^h, ^q, [n]q, RadF{M, e, |.|^,) 
with d/dx, io, n\, Rad{Y{x, y), |.|*). 

Proof. By induction on the formula G[,„+i] = Ag^/j(G[„] )+(Tq(G[„] )G[i] one finds |* ^ max(|G[„] |,,, 
ll^g,fe||*)"i and equality holds if > || Ag^/iH^,,. Since the sequence IHgl^''"' is convergent to tUq, 

one has liminf„(|G[„] |*/|Nq|)~"'"^" = u;gdiminf„ This proves point i). If |* > ||Aq^/j||^,, 

-l/n 



n 



then the same induction proves that |G[„]|=k = and hence liminf^ |^|G[„] I* 

^q/\G[i]\* < LOq/\\Aq^h\\^. Reciprocally if liminf„nG[„]|*/|[n]g| j < LOq/\\Aq^h\\^, then the point 



i) shows that > j|Ag^/i||*. □ 

9.2 Morita's p-adic Gamma function as solution of a difference equation 

In this section K = Qp. Assume that p 7^ 2 is a prime number. Let rp(T) be the Morita's p-adic 
Gamma function, that is the unique continuous function on Zp verifying the functional equation 

, ■. , ^ \ — a:r„(a;) if 1x1=1 

r,(0) = l, and r,(x + l) = |_^;^,^ ^^1^1^^^ (9.6) 

whose value on the natural numbers n ^ 1 is given by Tp{n) = ( — 1)" • rir=/(ip)=i ^• 

It have been known since Morita [Mor75] that rp(T) is locally analytic with local radius 
greater than \p\. Subsequently Dwork [Dwo82], applying non cohomological methods introduced 
by D.Barsky [BarSO], was able to compute the exact radius of convergence of rp(T) in a neighbor- 
hood of the points 0, . . . ,p — 1. We denote by 

rO(T) = l + (9.7) 

the Taylor expansion at T = of rp(T) (i.e. rp(x) = rp(x) for all x £ p'^p). The radius of 
convergence of rp(T) is exactly equal to iv ■ The Taylor development of Tp around the integers 

i = is clearly equal to r^(r) := (-l)*(r + l)(r + 2) • • • (T + i - l)r°(r), because of the 
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functional equation, and it has the same radius of convergence of Tp{T). In particular one has 

T^iT + p) = A(l,p;T).rO(T) , (9.8) 
where A{l,p; T) = (— 1)(^)(T + 1)(T + 2) • • • (T + p — 1). More generally we consider the equations 

rO(r + p") = A(i,p";r).rO(r). (9.9) 

where A{l,p'^]T) is deduced from A{l,p;T) by the recursive formulas (8.17): 

A{l,p^;T) = (-1). n (^ + ^)- (9-10) 

i=l,(j,p) = l 

The function T^iT) is hence solution of the {q, /i)-difference equation (9.8) and of its p"th iterations 
(9.9). These equations are defined everywhere since ^(l,p";T) is a polynomial. But each one of 
them verifies the assumptions of Theorem 5.27 over a disk D~(0,r„), centered at 0. 
By Theorem 5.27 the function T^{T) is then solution of a differential equation 

Tl{T)' = go{T)-r%T). (9.11) 

Denote by YQ{x,y) the analytic cocycle attached to this differential equation. In this section we are 
interested to 

i) find the convergence disk of go (T) , 

ii) describe the functions p i-^ \go{T)\p, 

iii) describe the functions p i-^ Rad{YQ{x,y), |.|p). 

The disk D-(0, r„) can be defined as the biggest disk over which yo(x,y) is di^pn-admissible. 
Since the ci^pn -admissibility condition is |(5a-^p„|p = < Rad{YQ{x , y) , p) , we have D~(0,r„) C 
D-(0, r^+i) for all n ^ 1. Moreover if Ypn(^x,y) denotes the restriction of YQ(^x,y) to D (0,rn) x 
D^(0, r„), then l^n(x, y) is by Theorem 5.27, solution of the equation l^n(cri^pn(x), y) = A(l,p"; x) ■ 
Ypn[x,y). We will prove that 

U„^iD-(0,r„) = D-(0,1) . (9.12) 

As a matter of facts YQ{x,y) will be constructed by gluing the analytic cocycles Ypji{x,y) defined 
step by step, over D~(0, r„) x D~(0, r„), by the (l,p^)-th equation ai^pn{Y) = A{l,p^;T) ■ Y by 
the expression (8.11). The function Tp{T) will be hence equal to Yq{T,0). 

Theorem 9.3. The function Tp{T) is the Taylor solution at T = of a rank one differential equation: 

Y' = go{T)-Y, (9.13) 

which satisfies: 

i) The function go{T) belongs to Aq^{0, 1) C Qp[[r]]; 

ii) IfYQ{x,y) is the analytic cocycle over D~(0, 1) x D~(0, 1), defined as Taylor solution of the 
equation (9.13), then one has: 

' L>;|p|l/p if < p ^ 



Ray{Yo{x,y), 



^ if ^ ^p<i u^^h (9 14) 

if ujp"'Hp-i) <p< , n>l 



\ pP"{p-l) 

iii) By the Small Radius Lemma 9.2, one finds 



\9oiT)l 



1 



pP-V|p| if sgp^ L^F^ (9.15) 
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Proof. To prove the theorem we have to study the equation (9.8) and all its iterates 

p'^-th equation : (Ti,p^iY) = A{l,p'';T)Y . (9.16) 

Every function A{l,p^; T) is a polynomial and hence converge on all K = Qp. As already mentioned 
we will glue step by step the cocycles l^n(a;, y), solution of the p"th equation, defined by the 
expression (8.11). We will obtain a cocycle YQ{x,y) over D~(0, 1). Denote by Mpn (resp. Mq) the 
cTi^pn -module (resp. the differential equation) defined in the basis e by the equation (9.16) (resp. 
by the differential equation Y' = go{T) ■ Y). We denote by r„ the largest radius such that Mpn is 
-compatible over D~(0,r„,). To simplify the notations we set 

i2(p",p) := limmf(|G[,](l,p";r)j,/|W^|)"'^\ (9.17) 

where G[gj{l,p^;T) have been defined in Section 8.3. Since yo(r, 0) = Tp{T) converges exactly on 
the disk D~(0, cj- |p|^/'') (cf. [Dwo82]), the radius of convergence of Y{T, c) is equal to lo- \p\^^^, for all 
c € D~(0,u; • IpI^^*'), c € ri. In particular this holds for every Dwork generic point tp corresponding 
to \.\p. Hence, for all n ^ 1, we have 

i?(p",p) = io\p\^^P , for all p ^ . (9.18) 

Notice that, for all n ^ 1, the function p i— > R{p^,p) is limit of log-convex functions defined 
everywhere. So R{p^,p) is defined on the whole Mj>o, and is log-concave and continuous on M^q- 
Moreover one has 

i2(p"+i,p) = i?(p",p), forallp^r^. (9.19) 

In other words if p < r„ then both M^n and M^n+i are Ui^pn-admissible and admits, by Theorem 
5.27, the same analytic cocycle Y{x,y) as solution. Hence, for p < r„, both R{p^\p) and R{p'^~^^,p) 
represent the radius of the same analytic cocycle. 

Step 1: Study of Mp. As already mentioned, we have R{p,p) = uj ■ \p\^^P > \p\, for all 
p ^uj- \p\^^'P. By Proposition 8.9, this proves that Mp is o"i^p-admissible over the disk 'D~ {0,uj\p\^^'^), 
and hence we have Rad{Yi{x , y) , p) = p, for all p ^ 



Lemma 9.4. The radius R{p, p) is equal to for p ^ u>, and is equal to uj\p\/pP ^ for p ^ uj. 



Proof. Using Lemma 9.5 below, we applies the Small Radius Lemma 9.2, and we have R{p,p) = 
uj/p^~^ for all p ^ LO. By the above discussion we have also R{p,p) = uj\p\^^P for all p ^ 
Now by continuity of p i-^' R{p,p), and by its log-concavity we must have R{p,p) = U!\p\^/P, for all 
p ^ uj. The situation is expressed by the following picture in which we draw the log- graphic of the 
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function p i— > R{p,p)/p i.e. the graphic of the function log{p) i-^ log{R{p, p)/ p). 

\\og{R{p,p)/p) 
log(p) 




Lemma 9.5. Let G[i](l,p";r) := ^^^'^ ^"^ . For all n ^ 1 one has 

^deg(G[i](l,p";T)) ^"-i(p-l) 



|G[i](l,p";T)|, 

Moreover for n = 1 one has 

|G[i](l,p;T)|, = /"Vbl 



for all p ^ 1 



for all p ^ uj 



(9.20) 
□ 



(9.21) 



(9.22) 



Proof. The first equahty results easily by writing explicitly ^(1, p"; T) (cf. expression (9.10)). Indeed 
A{l,p"'; T) — 1 is a polynomial with coefficients (in Z) having valuation smaller than 1. The assertion 
about G[i^{l,p;T) is proved as follows. Since the reduction of A(l,p;T) — 1 in Fp[T] is equal to 
-TP^^, then A{l,p; T) - 1 = -T^-^ + ap-2TP~'^ + • • • + ao, with \ai\ ^ \p\, for alH = 0, . . . ,p - 2. 



Hence \A{l,p;T) - l\p = max(pP-i, |ap_2|/>^" 
and only if p ^ w = 



, |ao|), and pP ^ \p\p^ (or alH = 0, . . . ,p — 2 if 



□ 



Corollary 9.6. The following assertions hold: 

i) The largest disk D-(0,ri) over which the cip-module Mp is Taylor admissible has radius 
ri=u;V(p-i); 

ii) The cocycle Yp{x,y) attached to Mp by the expression (8.11), is solution of every equation of 
the family (9.16), and of the differential equation (9.13). One has 

Yp{x,y) = Ypn{x,y) = Yoix,y) , for all p ^ uj^/^p~^K (9.23) 

iii) One has 

if p ^ uj\p\^/P 

RadF{Mp,e,p) = { uj\p\^/P if uj\p\^/p ^ p ^ cj (9.24) 



P 

uj\p\^/P if uj\p\^/P ^ p ^ cj 
uj\p\/pP~^ if uj\p\^/P ^ p ^ oo 



and, for all n^l, RadpiMp, e, p) = Rad{Ypn{x, y),p) = Rad(Yo, p), for all p s: uj^/^p-^\ □ 

1 

Corollary 9.7. One has \gQ{T)\p ^ p^^ if p <oj, and \gQ{T)\p = pP~^/\p\ if oj p ^ ujp-^ . 

Proof. It follows immediately from the Small Radius Lemma applied to the differential equation 
Y' = go{T)Y (cf. [CM02, Cor.6.7]). □ 
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Step 2 : Study of Mpn. By Lemma 9.5, applying the Small Radius Lemma to equations 
(9.21), one finds Rad{M2,e,p) = uj\p\'^ / ff for all p ^ 1. On the other hand we know that 
Yp2{x,y) = Yp{x,y) over D~(0, ri) x D~(0,ri), and hence that their radius coincide for /o ^ n = 
(cf. Corollary 9.6). We have then the following situation: 

Mog(fl(p2,p)/p) 




t Existence of Ray(Yp2 {x, y), p) \ 



log|p|2 
logw|pp 



(9.25) 

As before, we have the phenomenon that we know the radius R{p'^,p) for p ^ 1, and for p ^ 
and again the radius R{p'^,p) is forced by its continuity and its log-concavity to be equal 
to R{p^,p) = uj\p\'^/ff ~P for all p ^ logcj^/^^"^-*. More precisely as above we have the following 
statements: 

i) R{p'^,p) = uj\p\^/pP'~P for all p ^ loguj^/^P-^\ 

1 

ii) The module Mp2 is (Ti p2- admissible for all p ^ r2 := wpf^-i) , 

iii) Rad{Yp{x,y),p) = Rad{Yp2{x,y), p), for all p ^ uj^^^p~^\ and Rad{Yp2,p) = uj\p\^ / pP' ~p , for 
alla;V{p-i) ^ p <; c^VpCp-i)^ 

iv) Rad{Yo{x-,y), p) = Rad(Yp2{x,y), p) for all p ^ r2, 

v) \go{T)\p = for all ujTF^ < p < lo^^ . 

One checks now easily that this process can be iterated indefinitely. Continuing in this way, 
step by step, one computes completely the Radius R{p'^,p) of each p^th. equation, one proves that 
Mpn is Taylor admissible over D-(0,r„), with r„ = w^p" '(p-i). This gives the the Radius of 
Rad{YQ{x , y) , p) for all p < 1. By the Small Radius Lemma we obtain the corresponding assertion 
about \go{T)\p. 

The fact that go{T) E Qp[[T]] follows by Corollary 8.16 since every function A{l,p'';T) - 1/p"- 
belongs to Qp[r]. This concludes the proof of Theorem 9.3. □ 

Define the Newton polygon of go{T) := X]„>o On^" G 



£pLL-^ jj the convex hull of the points 
{{'n,Vp{an))}n^o U {0, +00}, where Vp is the p-adic valuation normalized by Vp{p) = 1. 

Corollary 9.8. The wedges of the Newton polygon of go{T) having horizontal coordinate greater 
than p — I are the points {{p"'{p — 1), — n — l)}n>o- In particular 

i) i'p(Op"(p-i)) = —n — 1, for all n ^ 0, 

ii) Moreover for all k ^ one has 



Vpiak) 



-n 




1 



if 
if 



p"-{p 





1) 
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n > . 
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as illustrated in the following picture: 



(p-i) p(p-i) p'^{p~i) p^(p-i) 




9.3 Applications to Kubota-Leopoldt's p-adic L-functions 

We preserve the assumption p 7^ 2. It have been known since Y.Morita [Mor75] and J. Diamond 
[Dia77] (see also [RobOO, p. 376]) that the composite of log with Tp admits the following Taylor 
expansion for \T\ ^ \p\: 

log(rO(T)) = AoT + ^ Lp(l + 2m, t^^) (9-27) 

where here ujp is the Theichmiiller Dirichlet character corresponding to the prime p, and where 
Lp{l+2m,u!p"^) is the value at s = l + 2m of thep-adic Kubota-Leopoldt's L-function corresponding 
to the character Wp"^. The constant Aq is the constant coefficient appearing in the Taylor expansion 
of Cp(s) at s = 1: Cp{s) = Sn^-i '^nis — 1)". We notice now that 

go{T) = A(log(rO(r))) = Xo+Yl + 2m, ^^-^^a™ _ ^g ^g) 

This function have been studied in the previous section and is intimately related to the Radius of 
convergence of the differential equation TpiT)' = gQ{T)Tp(T). The Newton polygon of go(T) have 
been computed in Corollary 9.8. As a direct consequence we have the following estimate on the 
values of the L-functions appearing in (9.28): 

Corollary 9.9. For all m'^ 1 one has 

VpiLpil+p'^ip-l),u;pP-'^)) = Vp(Cp(l+p"\p-l))) = -m-1, (9.29) 
and moreover 

V ( L (l+2mu'^)) < I ^ ^ 2m ^ (p - 1) 

Vp[i.p[i+zm,ujp )) ^ <^_^^_-^ .f pn(p_i) ^ 2m ^ p^+^P - 1) , n^O. 

Notice that this agrees with the fact that Cp{s) has a pole at s = 1. 

9.3.1 We now use the fact that the function Tp(T) is simultaneously solution of every dif- 
ference equation ai^pn(Y) = A(l,p^;T)Y studied in the previous section, and of the differential 
equation TpiT)' = gQ{T)Tp{T). We obtain a family of congruences satisfied by the values of the 
L-functions appearing in the Taylor expansion of log(rp(T)). 

For all integers £,k ^ 1, we set 

k-l 

j=i,(.j,p)=i 

This and similar sums have been studied by several authors modulo powers of p [Dic52, pp. 95-103]. 
A result of L.Washington [Was98] express it as sum of values at certain positives integers of some 
Kubota-Leopoldt's p-adic L-functions. Similar expressions have been found by D.Barsky [Bar83]. 
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The following result provides analogous relations in the style of [Was98] . The proof of these new 
congruences seems more conceptual with respect to older methods because it is a direct consequence 
of Theorem 5.18 which express the Gamma function as simultaneous solution of the differential 
equation (9.13) and the difference equations (9.9). 

Corollary 9.10. For all n'^ 1 the following holds: 
i) For i = one has 

logiFpip^)) = p^Xo + 1^9 = 0) ; (9-31) 



1 + 2m 



ii) For £ = 1 one has 



Slip! ■■= E - = + = 5o(p")-5o(0). (9.32) 



^ 

i=l,(i,p)=l 7?i>l 



In particular we recover the relation lim„^ooP " Yl^=o {ip)=i * ""^ = because 5^0(0) = 0. 
iii) For all i ^ 2 one has 

^-^.Seipn = E ( ^ \^n(l+2n^-Q. ^ ^ ^ (0 2). 

Proof : As formal power series T^iT) can be written as 

r°(r) = exp(Aor+ Lp(l + 2m,.;2^) • Y^i^) (9.33) 
the functional equation gives then 

rO(r + p«)/rO(r) = ^(i,p";r) = - J] (^ + ^) (Q-^^) 

i=l, 
(i,p)=l 

On the left hand side one finds 

, ^ (rp . n\l+2m _ rpl+2m^ 

rO(r + p")/rO(r) = exp^Aop'^ + + 2m,u;m ■ ^ +^ '^^ ) (9.35) 



Now we compute the argument of the exponential. To simplify the notations let ai+2m := Lp{l + 
2m,cj2™)/(l + 2m), then 

l+2m /-, , r, N 

1 + 2m\ 



m>l m>l fc=l 



= E( E 07")^"^'"''™"''-"^+^-)^' 

^^0 m5;max(l//2) ^ ^ 

Now taking log of both sides of (9.34) one finds 

^^0 m5;max(^/2,l) ^ ^ j=l, 

(i,p)=l 
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Write then -Uf=^i^,,)=iiT + i) = Tpb") • nf=u^,p)=l(^ + ?)• Since \Tpip^) - 1| ^ \p\, then 
log(rp(p")) has a meaning. Then 

iog(- n + = iog(rp(p"))+ 5; log(l + -) 

i=l, i=l,(i,p)=l 
(i,p)=l 



iog(r,(p")) + J]^-^5,(p")r 



This proves the corollary. □ 
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